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CONTENTS

Beaucoup d’analystes, en effet, mettent au premier rang
la notion du continu; c’est elle qui intervient d’une maniere
plus ou moins explicite dans leurs raisonnements. J'ai
indiqué récemment [...] en quoi cette notion du continu,
considéré comme ayant une puissance supérieure a celle
du dénombrable, me parait étre une notion purement
négative, la puissance des ensembles dénombrables étant
la seule qui nous soit connue d’une maniere positive, la
seule qui intervienne effectivement dans nos raisonne-
ments. Il est clair, en effet, que I’ensemble des éléments
analytiques susceptibles d’étre réellement définis et con-
sidérés ne peut étre qu’'un ensemble dénombrable; je crois
que ce point de vue s’imposera chaque jour davantage
auzr mathématiciens et que le continu n'aura été qu’un
instrument transitoire, dont ['utilité actuelle n’est pas
négligeable [...], mais qui devra étre regardé seulement
comme un moyen d’étudier les ensembles dénombrables,
lesquels constituent la seule réalité que nous puissions
atteindre.

E. Borel, 1909 [Bor09].






CHAPTER 1
Conditional Expectation

1.1. Conventions

Throughout the text, we denote the fundamental probability space by
(Q,F, P). Random variables, i.e. extended F-measurable mappings
from € to R (the extended real line), are usually denoted by X,Y, Z.
We will often use the representation X = Xt — X~ where X :=
sup{ X, 0}, X~ :=sup{—X,0}. The set of random variables for which
[1X]|dP < oo, are called simply integrable. The expectation of an
integrable random variable X is denoted

:/XM:/XMPW

We denote a A b := min{a, b}, a V b := max{a,b}. If the set A C R
is empty, then inf A := +o00. We use the symbol a,, ~ b, to indicate
that 72 — 1 when n — oo, and We use the symbol a,, ~ b, to indicate
that there exists two constants ¢y, co > 0 such that ¢; < “" < ¢y when
n is large enough. Our basic references are [Bau88, 31195 Bil65,
Chu01, Shi84, Var00, Wil91, Str93, Str05, R.88, GS05, GS06,
RéV05, Nev70, PetOO, Wa175].

1.2. Conditionning with respect to an Event

In this section, we introduce the notion of conditional expectation with
respect to a sub-o-algebra, which is a fundamental notion in probabi-
lity, especially for the definition of martingales. From now on, we call
a collection G of subsets of 2 a sub-c-algebra if it is a o-algebra (in
particular it must contain () and € itself) and if § C F (i.e. A € G
implies A € F). But before giving the general definition of conditional
expectation we start by simpler considerations.

Let (Q2,F, P) be a probability space. Any event B € F with strictly
positive probability allows to define a new probability measure P(:|B)

3



4 1. CONDITIONAL EXPECTATION

on (€2, F), conditionned on the event B:
P(AN B)
P(B)
In practice, in particular in statistics, one is interested in determi-
ning the probability of some event A € F, P(A), but some practical
restrictions are such that we only have access to some conditional pro-
babilities P(A|B;y), P(A|Bs), ... where the B, form a partition of
the space €. In order to reconstruct the wanted probability P(A),
one then needs to know each P(A|B,), but also each P(B,). Once

these informations are known, the formula of total probability gives
(we assume for the time being that P(B,) > 0 for each n)

P(A) = P(A|B,)P(B,)

n>1

P(A|B) = (1.2.1)

If it reasonable to believe that P(B,) is known a priori, the true
determination of P(A) depends on the family {P(A|B,)},>1. The-
refore, it is natural to encode these numbers into a simple function
f:Q —[0,1], constant on each B,,:

f(w):=>_ P(A[B,)1p,(w).

This random variable gives, in some sense, the best estimation of P(A)
when a point w is chosen at random according to P: if w € B,,, then
f(w) = P(A|By). If the experience is repeated a large number of
times, the Law of Large Numbers

says that the empirical average of f will converge to
E[f] = P(A).

This last equality is a particular case of the following. As a simple
computation shows, we have, for all B which is a union of sets B,,

P(AmB):/fdP.

The random variable f is called conditional probability of A with respect
to the partition {B,,},>1.

1.3. Conditionning with respect to a countable measurable
partition

The same considerations hold for expectations. Assume P(B) > 0. If
X is integrable, one can consider the expectation of X with respect to
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the measure P(:|B), called conditional expectation with respect to B,
E[X|B] = /X P(dw|B) . (1.3.1)
As can be seen easily,
1
EXBzi/XdP. 1.3.2

Observe that if (1.3.2) is taken as a definition for any integrable ran-
dom variable X, then (1.2.1) can be obtained by choosing X = 14.
We therefore consider (1.3.2) as a fundamental definition, which will
also be seen to be more natural.

Let { B, },>1 be a (countable measurable) partition of €2, that is a family
of sets B, € F with |, B, = Q, and B, N B,,, = ) when n # m. Such
a partition generates a sub-o-field B C F, containing all unions of sets
B,. If P(B,) > 0, we define E[X|B,] as in (1.3.1). If P(B,) = 0,
we define E[X|B,] in an arbitrary way, for example E[X|B,] := 0.
Then, for any integrable random variable X, define a new variable
E[X|B]: 2 — R by

E[X|B(w Z E[X|B,]15. (w), (1.3.3)

called a version of the conditional expectation of X with respect to B.
The name “version” is used since we have made a specific choice on
the sets B,, with zero probability.

Clearly w — E[X|B](w) is B-measurable. Moreover we have, for all
measurable set B,

/ E[X|B|dP = Z/ E[X|B JdP =" P(BNB,)E[X|B,].
n>1 n>1 (134)

Now, if we assume that B € B then B is a union of elements By,
k € S, which implies P(B N B,) = P(B,)1s(n), where 1g(n) = 1 if
n € S, 0 otherwise. Using the definition of E[X|B,], the last term in

(1.3.4) equals
> 1s(n /XdP /XdP

n>1
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Therefore, the random variable E[X|B] satisfies

/E[X|B] dP:/XdP, VBeB. (1.3.5)
B B

Of course, any version of F[X|B] satisfies (1.3.5). The following shows
that the versions of F[X|B] are the only random variables with this

property.

LEMMA 1.3.1. Let (2, F, P) be a probability space and B C F a sub-o-
algebra. Let Yy, Yy be two B-measurable integrable random variables.
Then Y1 =Y a.e. if and only if

/YldP:/YQdP VBEB. (1.3.6)
B B

PROOF. If Y] = Y, a.e. then (1.3.6) clearly holds '. Define B :=
{w:Yi(w) > Ys(w)}. We have B € B and therefore (1.3.6) implies 2
P(B) =0, i.e. P(Y; <Y3) = 1. Doing the same by interverting Y}
and Y5, one gets P(Y; > Y;) = 1, which gives P(Y; = Y3) = 1. O

1.4. Conditionning with Respect to a o-algebra

In the previous section we have defined a version of the conditional
expectation E[X|B] with respect to a sub-g-algebra B C F generated
by a countable measurable partition, via the expression (1.3.3). We
have then seen that two of its main properties were

(1) E[X|B] is B-measurable.
(2) The family of relations (1.3.5) is satisfied.

We have seen in Lemma 1.3.1 that any other random variable satis-
fying these two properties is almost everywhere equal to E[X|B].

To extend the notion of conditional expectation to a general sub-o-
algebra G C &, the lack of countability does not allow a straight
definition as in (1.3.3). In particular, a problem arises when consi-
dering measurable sets B € § with zero probability, in which case
(1.3.3) cannot be used to define E[X|G]. Nevertheless, we shall use

1Naunely, let N be a measurable set with P(N) = 0 so that Y;(w) = Y2(w) for all w € N°. Let
B e B. Then [,(Y1 —Y2)dP = [, (Y1 — Y2)dP. This last integral is zero since 1y = 0 a.e. and
therefore for i = 1,2, [, [YildP < [|Y;|1ydP = 0.

2Here we make use of the following fact, which will be used often in this text: if X > 0 and
J X dP =0, then X =0 a.e.
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the two conditions given above as a definition of E[X|§], and then ve-
rify existence, almost-everywhere uniqueness, and finally compatibility
with the definition (1.3.3) in the case of sub-o-algebras generated by
countable partitions.

DEFINITION 1.4.1. Let § C F be a sub-o-algebra and X : 0 — R a
positive integrable random variable. Any random variable Y : € — R
which is G-measurable and satisfies

/YdP:/XdP, VBeg, (1.4.1)
B B

15 called a version of the conditional expectation of X with respect to §G.
We denote any version of the conditional expectation by E[X|G]. For

an arbitrary integrable random variable X, define conditional expecta-
tion as follows: E[X|G] := E[X"|G] — E[X|9].

The main property of conditional expectation is therefore

/E[X\S] dP:/XdP, VBeg, (1.4.2)
B B

Observe that when it exists, F[X|g] is integrable. Namely, applying
(1.4.2) with B = Q2 gives

E[E[X]|S]] = /E[X|9] dP = /XdP: E[X]. (1.4.3)

We now verify that conditional expectation always exists. Define, for
all B € G,

v(B) ::/BXdP.

Since we assume X > 0 to be integrable, v is a finite measure on
(©,9). Moreover, it is absolutely continuous with respect to P (more
precisely, to the restriction of P to G). Therefore, the Radon-Nikodym
Theorem guarantees the existence of a positive §-measurable function
Y such that

V(B)Z/de, VBeg.
B

Therefore, Y is nothing but the Radon-Nikodym density 3—1’3, and is
determined uniquely up to sets of measure zero (Lemma 1.3.1). We
will give, in Section 1.6, another way of proving the existence of Y,

not using the Radon-Nikodym Theorem.
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EXAMPLE 1.4.1. To verify that the abstract definition coincides with
the one of Section 1.3, let B be the o-algebra generated by a measu-
rable countable partition {B,},>1 and let E[X|B] denote any version
of the conditional expectation. (Observe that E[X|B] is now defined
without using (1.2.1).) Since FE[X|B] is B-measurable, it is constant
on each By, i.e. E[X|B](w) =0, for allw € B,,. Now for all n we have

/dP /E[X|93 | dP = /XdP

Therefore, when P(B,) > 0 one has

which coincides with (1.3.3) on all sets B,, of positive measure. Since
the other sets have measure zero and that we only need consider a
countable number of them, we have therefore constructed a version of

(1.3.3).

Before starting the study of general properties of E[X|G], we discuss
the two extreme cases which give some insight into the dependence of
E[X|G] on G. First, let G be the largest possible sub-o-algebra of JF,

ie. § =5, then clearly F[X|G] = X a.e. This follows from the fact
that X is F-measurable and from the trivial identity

/XdP:/XdP, VB € F.
B B

On the other extreme, if G is the smallest possible algebra, i.e. § =
{0,Q}, then EF[X|G] = E[X] a.e. Namely, E[X|G] must be constant
on €2, and this constant is fixed by the only condition (take B = Q in
(1.4.2))

E[X]9] :/E[X\S] dP:/XdP:E[X].

These two particular cases show that E[X|9] also gives an approxima-
tion of X; the finer G, the better the approximation.
Basic Properties. From now on and until the end of the section, G

will denote a sub-o-algebra of . The following property can be easily
verified

ElaX +bY|9] = aE[X|G] + bE[Y]S] ace. (1.4.4)

The first important property of conditional expectation is the following
monotonicity result.
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LEMMA 1.4.1. If X, Y are two integrable random variables such that
X <Y a.e., then E[X|G] < EY|9] a.e.

PROOF. Assume X < Y a.e. Define Z := E[Y|G] — E[X|G]. For

all A € G we have
/de:/(Y—X)szo
A A

This implies, for A = {Z < 0}, that Z14 = 0 a.e., which implies
14 =0 a.e. Let N be a set so that P(N) = 0 and 14(w) = 1 for all
w € N¢ We have

P(A) = / LadP = / LaowdP < P(N) = 0.
Therefore, P(Z > 0) = 1. O

Applying this lemma once with Y = |X| and once with ¥ = —|X|
yields, using the linearity in (1.4.4),

COROLLARY 1.4.1. If X is integrable then |E|X|S|| < E[|X]|G] a.e.

More fundamental are the following identities, which show what hap-
pens when the operation of conditionning is iterated, by conditionning
successively with respect to two sub-o-algebras.

LEMMA 1.4.2. Let X be integrable and G,H be two sub-o-algebras,
such that G C H. Then

E[E[X|S]|H] = E[X|S] = B[E[X|H]|S] a.c. (1.4.5)

PRrROOF. Observe first that E[F[X|H]|G] and E[E[X|G]|H] are well-
defined since E[X|H] and E[X|9] are integrable. For the first equality,
observe that by definition of E[-|H],

/HE[E[X|9]|9{] ip - /HE[X\S] iP, VH e K.
In particular, since § C K,

/GE[E[X|9]|9{] P — /GE[X\S] iP, VG e§.
Now by the definition of F[X]],

/E[X\S]dP:/XdP, VG €§.
G G



10 1. CONDITIONAL EXPECTATION

This shows the first equality in (1.4.5). Similarly, using § C H gives,
for all G € G,

/GE[E[X\}C]\S] dp:/GE[qu dP:/GXdP,

which shows the second equality in (1.4.5). O

The identities (1.4.5) are known as the Tower Property of conditional
expectation.

1.5. Basic Convergence Theorems

In this paragraph we give the conditional versions of the classical con-
vergence theorems of Integration Theory.

THEOREM 1.5.1 (Monotone Convergence Theorem, Conditional Ver-

sion). Let X,, be an increasing sequence of integrable random variables
such that X,, /* X a.e., where X is integrable. Then

E[X,|S] / E[X|SG] a.e.

PRrROOF. Since X,, < X,,11 a.e. we have F[X,|9] < F[X,11|9] a.e.
by Lemma 1.4.1. Therefore, the limit Z := lim,,_,o, F[X,|9] exists a.e.
(1) Using twice the Monotone Convergence Theorem,

/Zszlim E[X,|S]dP = lim XndP:/XdP, VAeG.
A A A

n—oo n—oo A

This shows that Z = F[X|9] a.e. O

COROLLARY 1.5.1. IfY,, is a sequence of positive integrable random
vartables, then

E(> _Y,|S) =) EN9] ae. (1.5.1)

n>1 n>1

THEOREM 1.5.2 (Dominated Convergence Theorem, Conditional Ver-

sion). Let X,, be a sequence of integrable random wvariables such that
X, — X a.e., and such that | X,| <Y where Y is integrable. Then X
15 integrable and

E[X,|8] — E[X]|SG] a.e.

PROOF. Clearly, X is integrable since | X| < Y a.e. Using Corollary
1.4.1,

[E[XaS] = EIX[G]| = |E[X, — X|S]] < E[|X, — X][|S] < E[Z.[9],
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where Z,, 1= sup,,>, | X, — X|. But Z, \, 0 a.e. and since |Z,| < 2Y,
Z, is integrable and we have

lim [ Z,dP =0 (1.5.2)

n—oo

by the Dominated Convergence Theorem. Since 0 < Z,.1 < Z,,
we have FE[Z,1|9] < F[Z,|G] a.e. (Lemma 1.4.1). Therefore Z :=
lim, .~ E[Z,|G] exists a.e. (!), and we have, for all n,

og/deng[zn\g] dP:/anP, (1.5.3)

which by (1.5.2) converges to 0 when n — oo. This implies Z = 0 a.e.
and proves the theorem. [l

COROLLARY 1.5.2. If X 1is integrable, Y 1s G-measurable and XY 1is
integrable, then

E[XY|S] = YE[X|S] a.e. (1.5.4)

ProoFr. We first verify (1.5.4) for Y = 14, A € G. Then for all
B eg,

/YE[X|9]dP:/ E[X|G]dP = X dP

BNA BNA
:/XYdP:/E[XY|9]dP.
B B

By linearity, this extends to any finite linear combination of indicator
functions, i.e. to any simple function. Therefore, assume first that Y
is positive and let Y,, be a sequence of simple functions Y,, /Y. Since
| XY,| < |XY|, which is integrable, and since XY,, — XY, Theorem
1.5.2 gives
E[XY|S] = lim E[XY,|G] = lim Y,E[X|G] = YFE[X|G] a.e.

In the last inequality we used the fact that F[X|G] < oo a.e., which
follows from the fact that it is integrable. For the general case simply
use the decomposition Y =Y —Y . O

THEOREM 1.5.3 (Jensen’s Inequality, Conditional Version). Let X be
integrable and ¢ = ¢(x) be convex. Assume ¢(x) is finite for all x € R
and that ¢(X) is integrable. Then

¢(E[X]S]) < E[¢(X)[S]  ae. (1.5.5)
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PROOF. Since ¢ is convex and finite, it is continuous, and there
exists, for all zo € R, a finite constant Ay such that

o(x) > P(xo) + Ao(x — ), VreR.
We will first assume that E[X|G](w) < oo for all w € Q. Applying the
previous inequality with x = X, o = E[X|G], and taking F[-|G] on
both sides gives

E[¢(E[X]S])|S] < E[o(X)[S].
Since E[X|9] is G-measurable, ¢(F[X|G]) is too, and by Corollary
1.5.2,
E[o(EIX|])[S] = o(EIX|S) E[1]S] = o(E[X[F])  a.e.,

which proves (1.5.5). When E[X|9] is not bounded, define the sets
A, = {w: |E[X|G](w)| < n}. By the preceding result we have

O(FE[14,X|G]) < E[o(14,X)|G] a.e. (1.5.6)

By Theorem 1.5.2, E[14,X|9] — E[X|G] a.e. Therefore, since ¢ is
continuous, ¢(E[14, X|G)] — ¢(E[X|G]) a.e. For the right-hand side
of (1.5.6), write

Elp(14,X)[S] = E[14,0(X)[S] + E[14;6(0)|S] a.e.

— 14, BI6(X)[9] + L1 6(0)
Since E[p(X)|9] is integrable, it is finite a.e. The same reasoning
applies to E[X|§], which leads to 14, — 1 a.e. Therefore the first

term converges to E[¢(X)|G] a.e. The second converges to 0 a.e.,
which finishes the proof. ]

Observe that Corollary 1.4.1 can be obtained by Jensen’s Inequality
with ¢(z) = |z|.

1.6. A Geometric Interpretation of F[X|F]

There exists an enlighting geometric interpretation of conditional expecta-

tion. For convenience, let us abreviate L,(Q2,F, P) by L,(F). As
we know, the conditional expectation transforms a random variable
X € L1(9) into a random variable LgX := F[X|9] € L1(G). We have
seen in (1.4.4) that Lg is linear and since L1(9) C L1(F), we want to
interpret Lg as a projection.
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This can be done by resctricting ourselves to Ly(F). Observe that Lg
maps Ly (F) into Lo(G). Namely, let X € Ly(F). Then * X € Li(F)
and therefore E[X|9] is well defined. Using Jensen’s Inequality with
d(x) = z2, we get

/\E[X\S]\QdP < /E[\X|2|9] dP:/|X\2dP < 00,
and therefore E[X|G] € Lo(9).

Now, we use the fact that Lo(F) is a Hilbert space, complete with
respect to the norm || - ||o = (-, ) inherited from the scalar product

(X,Y) ::/XYdP.

Since L1(9) is obviously a closed (with respect to the topology induced
by ||-]|2) subspace of Lo(F), one can consider the orthogonal projection
mg : Lo(F) — Lo(G). g is self-adjoint and satisfies 75 = mg. Now 16X
is G-measurable, by definition, and for all A € G,

/7r9XdP:/(7r9X)1AdP:/X(Wg;lA)dP:/XlAdP:/XdP,
A A

where we have used self-adjointness and mgl4 = 14, since 14 € Lo(9).
Therefore, mgX is the equivalence class of almost everywhere equal
random variables which contains E[X|G]. That is, mgX represents all
the possible versions of E[X|9].

To extend this construction to any integrable random variable, let
first X € L1(F) be positive, and let X,, := inf{X,n}. Then obviously
X, € Ly(F) and Y, := mgX,, = E[X,|9] can be constructed as above.
We have Y,, < Y, since X,, < X,1, and therefore Y,, Y =
lim,, Y,, exists. Using two times the dominated convergence theorem
then shows that Y = FE[X|G]. Namely, for any B € G,

/YdP: lim [ Y,dP = lim [ E[X,|]dP = lim | X dp /XdP
B

3Namely, if X € Ly(F) then

/|X|dP:/ |X|dP—|—/ |X|dP§P(|X|§1)+/|X|2dP<oo.
|x|<1 1X|>1
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This method gives a construction of E[X|G] which doesn’t rely on the
Radon-Nikodym Theorem *. Using this point of view, various results
obtained before for conditional expectation can be obtained by using
the properties of the orthogonal projection wg. For example, if § C I,
then L1(G) C Li(H) and therefore the identities wgmg = mg = my(7g,
which are obvious from the geometric point of view, directly imply
Lemma 1.4.2.

1.7. Conditional Probability

When applied to the special case where the random variable X is an
indicator function, conditional expectation leads to the definition of
conditional probability.

DEFINITION 1.7.1. Let (2, F, P) be a probability space, A € F. The
conditional probability of A with respect to a sub-c-algebra G C F is
defined by

P(A|S) := E[14]9]. (1.7.1)

Again, P(A|9) is only defined uniquely up to sets of measure zero.
Being any version of E[14|G], it satisfies

PMﬂBﬁi/PMGMP,VBES. (1.7.2)

A simple example is when G is the o-algebra generated by a partition

{B, B}, B € F. In this case, P(A|G) is constant on B and B¢ (since
it is §-measurable) and if 0 < P(B) < 1,

P(A|B) ifweB,

1.7.3
P(A|BY) ifwe B, (1.7:3)

P(A|9)(w) = {
where P(A|B) and P(A|B¢) are defined as in (1.2.1). Observe, ne-

vertheless, that our definition makes sense even when P(B) or P(B°)
equals zero.

For each fized A, the properties of the function w +— P(A|9)(w) are
known almost-everywhere. In particular, we have P(()|G) = 1 and
P(02|G) = 1 almost everywhere. Moreover, if (A,,),>1 is any sequence

A1y fact, as we will see later, the Radon-Nikodym Theorem can be obtained as a consequence of
the convergence results on martingales that will be described later.
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of pairwise disjoint events, then by Corollary 1.5.1

P(|JAS) =D P(AS), ae. (1.7.4)

n>1 n>1

Nevertheless, this does not imply that P(-|G) is a probability measure
on (£2,F). Indeed, the properties mentionned above hold one sets of
measure one, but in each case this set depends on the event observed.
For example, for a given sequence (A,),>1, the set of w’s for which
(1.7.4) holds depends on the whole sequence (A, ),>1. This leads to
the following question: does there exist a version of P(-|G) for which
A — P(A|9)(w) is a probability measure for each w belonging to a
set of probability one? The answer to this question will be affirmative
when more structure is given to the set €. We discuss this in the
following section.

1.7.1. Regular Conditional Probabilities. In the preceding
section we associated to each event A € F the random variable w —
P(A|S9)(w). Due to the previous discussion, we now wish to consider
P(A|9)(w), for each fixed w € €, as a function of A. This leads to the

following natural definition.

DEFINITION 1.7.2. Let § C F be a sub-o-algebra. A map (w, A) —

P*(A|S)(w) is called a regular conditional probability with respect to G
if the following holds:

(1) For all w € Q, A — P*(A|9)(w) is a probability measure on
(Q,9).
(2) For all A € F, w— P*(A|9)(w) is a version of P(A|9).

The element P*(+|G) is sometimes called expectation kernel (see Bauer
[Bau88|). This terminology is made clear in the following proposition,
which shows that the conditional expectation of any integrable variable
can be derived from P*(-|9).

PROPOSITION 1.7.1. Let P*(-|G) be an expectation kernel. Then for
all integrable random variable X,

E[X|9] = /X(w)P*(dw\S), a.e. (1.7.5)

The role of P*(-|G), in the construction of E|-|G], should therefore be
seen as the analog of the role played by P(:) in the construction of
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E[], via the common expression

BIX] = / X (w) P(dw)

PRrROOF OF PROPOSITION 1.7.1: Let X = 14. Then (1.7.5) is im-
mediate. If X > 0 then by taking any increasing sequence of simple
random variables X,, /* X the Monotone Convergence Theorem (con-
ditional and standard) gives

n—oo

EIX[G] = lim E[X,|8] = lim [ X,(w)P"(dw|G) /X(w)P*(dw\S) ae
For a general integrable random variable, use X = X+ — X . ]

The existence of a regular conditional probability is not guaranteed in
general. The following result, which we give without proof, gives the
existence of a regular conditional probability under some assumption
on the measurable space (£2, F). See [Bau88] for details. A measurable
space (€2, F) is standard Borel if 2 is a complete separable metric space
and J is its Borel o-algebra.

THEOREM 1.7.1. Let (2, F, P) be a probability space, where (0, F) is
Borel standard. Let G C F be a sub-o-algebra. Then there exists a
reqular conditional probability with respect to G.



CHAPTER 2

The Simple Random Walk

In this section we study a few basic properties of the simple random
walk on Z, such as recurrence, the Reflection Principle, a Large De-
viation estimate, and the Law of the Iterated Logarithm. The simple
random walk will be encountered in many places in subsequent sec-
tions. For example, we will come back to random walks in Section
4.3.2, after having developped the general theory of recurrence, in the
framework of Markov chains. The simple random walk will be the first
example of martingale, treated in Section 5.

Consider a sequence (Y},),>1 of independent identically distributed ran-
dom variables with P(Y, = +1) =p, P(Yy = —1) =q withp+¢=1.
These can be constructed using Theorem 3.1.1. Define Sy := 0, and
foralln > 1, 5, := > _; Yi. The sequence (S,),>0 is called the simple
random walk on Z. When p = %, the random walk is called symmetric.

The purpose of this chapter is to describe the long-time behaviour of
the walk, i.e. describe the typical behaviour of S, when n becomes
large. Observe first that, by the Strong Law of Large Numbers,

% — EYi]=2p—1 as. (2.0.6)

This implies, in particular, that P(lim,, .. S, = +00) = 1 when p > %,
and that P(lim,, .., S, = —o0) = 1 when p < %: when p # %, this
means that almost surely, the walk visits the origin a finite num-
ber of times and then travels towards +oo with an asymptotic speed
v=2p—1%#0. A first natural set of questions is thus: when p = %,
does the walk come back to the origin an infinite number of times?
Does it visit any k£ € Z an infinite number of times? What can we
say about the random variable giving the first time at which the walk
visits the origin? Does the walk, on the whole, spend an equal amount

of time on each side of the origin?

17
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The basic combinatorial identity is the following: if n > 1 and k € Z
are admissible, in the sense that {S, = k} # (), then

n n+k n—k

P(S, =k) = <k+Tn)p ealeal (2.0.7)

This allows a few comments. First, let us consider the events {5, =
0}. By (2.0.7) and the Stirling Formula (see Exercise 2.1),

2n 1

P(Sa, = 0) = (n ) (pg)" ~ \/T—n(ﬁlpq)"- (2.0.8)
Therefore, when p # ¢, i.e p # %, we have 4pg < 1 and so ) P(Sy, =
0) < oo. By Borel-Cantelli, this implies that P(Ss, = 01i.0.) = 0,
i.e. the walk visits the origin a finite number of times almost su-
rely, which we already knew. On the other hand, when p = % then
>, P(S2, = 0) = oo but nothing can be said about the visits at the
origin since the events {Sy, = 0} are not independent.

The asymptotic formula given in (2.0.7) is just a particular case of
the following limit theorem, which will be used at a few places in this
section. The proof, based entirely on (2.0.7) and the Stirling Formula,
is left as an exercise (it can also be found in [Shi84], p. 56).

THEOREM 2.0.1 (Local Limit Theorem). Assume p = 1. Ifl, = o(n3),

then !
2 2
Pn:nw\/—_% 2.0.
(S ln) 7me (2.0.9)

To prove the Central Limit Theorem, one needs only I, = o(n2). When
proving the Law of the Iterated Logarithm, we will see that an expo-
nent larger than i is necessary.

2.1. Recurrence

Recurrence poses the problem of knowing if and how does the walk
come back to its starting point. Therefore, define the time of first
return to the origin,

Ty :=inf{n >1:5, =0}, (2.1.1)

where we remind that we make the convention that the infimum over
an emptyset is +oo. Tj is an N U {oo}-valued random variable. The

1Remember that an ~ by, means that 3= — 1 when n — oo.
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random walk is called recurrent if P(7T) < oo) = 1, and transient if
P(Ty < 00) < 1. The basic recurrence result is the following.

THEOREM 2.1.1. For the simple random walk on 7,

Ply<oo)=1—|p—q|. (2.1.2)
In particular, the walk is recurrent if and only if p = q = % Moreover,
' 1
< =
By d=> Yr7 2 (2.1.3)
=00 ifp=3.

PROOF. Let f denote the generating function for the distribution of
T()I

f(s) = E[s"] =) P(Ty =2n)s™ —1<s<l. (2.1.4)
n>1
We are interested in computing
P(T; :P( T =2 ): P(Ty = 2n) = i .
(Th < o0) nL>J1{O nt ; (To = 2n) = lim f(s)

We used Abel’s Theorem (see Exercise 2.2) for the interchange of the
limit and the sum. To compute f(s), it is useful to introduce also the
generating function for the distribution P(Ss, = 0):

g(s) = ZP(Sgn = 0)s”" .

n>0

Since we have an explicit expression for P(Sz, = 0) in (2.0.7), g is
easy to compute:

g(s) = ; (2:) (pgs®)" = \/%pqsg '

This last identity is a simple Taylor expansion (Exercise 2.5). Now,
observe that by the Markov Property (see Exercise 2.3)

P(Syn = 0) =Y~ P(Sy, = 0|Tp = 2k) P(Ty = 2k)
k=1

= Z P(Sap—op = 0)P(Ty = 2k),
k=1
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which is the nth coefficient of the power series representing f(s)g(s).
Therefore, multiplying by s and summing over n > 0, we get g(s) =

1+ g(s)f(s). Therefore, f(s) =1 — /1 — 4pgs?, and so
P(Ty < 00) = lirfl_f(s)zl—\/l—llpq. (2.1.5)

Since 1 = (p+q)?, we have shown (2.1.2). For the second part, observe
that, again by Abel’s Theorem,

E[Ty) =) 2nP(Ty = 2n) = lim f'(s).

s—1-
n>1

(2.1.3) follows easily by explicit computation of lim, ;- f/(s). O

2.2. The Reflection Principle and The Arcsine Law

We know that when p = ¢, the walk comes back to the origin almost
surely. In the present section we study the time spent by the walk on
either side of the origin.

It will be convenient to consider the trajectory of the random walk as
a two dimensional spacetime line on N X Z, in which the point (n, z)
corresponds to the event {S,, = x}. We start by a key combinatorial
result.

LEMMA 2.2.1 (Reflection Principle). Let x,y > 0, n > 1. The number
of paths joining (0,x) to (n,y) which visit at least once the origin is
equal to the number of paths joining (0, —x) to (n,y).

PROOF. Let C(0, —x; n, y) denote the set of paths joining (0, —x) to
(n,y), and C(0, x;n,y)" denote the set of paths joining (0, z) to (n,y)
which hit the origin at least once. We construct a bijection ¢ between
these two sets. Assuming (n,y—x) is admissible, let 7 € C(0, z;n, y)*.
Define n’ as the first time 7 hits the origin. Define a path ¢(m) by

(n,y)
(0, )

(0, —z) |-

F1GURE 1. The Reflection Principle.
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reflecting 7 through the origin on the interval [0,7n/], and leaving it
unchanged on the interval [n/,n]. Then ¢(7) € C(0, —x;n,y) and ¢ is
clearly invertible, proving the claim. L

Let N, , be the number of paths which start at the origin and reach
the point = by time n: N, , := [{S, = z}|. In order to reach z by
time n, a path must contain n, = X% upward-steps and n_ := %%

2 2
downward-steps. Therefore,

Nyy = (n”) . (2.2.1)

THEOREM 2.2.1. Let y > 0. Conditionnally on the event that the walk
reached y by time n, the probability that it never visited the origin at
times 1,2,...,n —1 equals £.

PRrROOF. We assume (n,y) is admissible. If the walk starts at the
origin and never visits it again, its position at time 1 must be 1. The
total number of paths which start at (1, 1) and reach (n,y) is Nyp—1 -1,
and the number of those which visit at least once the origin equals, by
the Reflection Principle, N,,_; 1. The number of paths which reach

y by time n and don’t visit the origin is therefore, with o := ”T“/,

n—1 n—1 200 —n
Nn—l,y—l - Nn—l,y—i—l — ( ) - ( ) — Nn,y = %Nn,ya

a—1 a0 n
(2.2.2)

which gives the result. ]

This last theorem is usually called the Ballot Theorem. Assume that
two individuals A and B were the unique candidates to an election.
One starts looking at the votes, one after the other. At the end, one
gets a > 3, where o and 3 are the respective total numbers of votes of
each candidate. That is, A won the election. What is the probability
that A stayed ahead of B all through the counting of the votes? If
one considers the counting of the votes as a symmetric random walk
starting at the origin, in which an upward-step is a vote for A and
a downward-step is a vote for B, then the total number of steps is
a + ( and the position to be reached is a« — 3 > 0. The probability
that A stays ahead of B through the counting of the votes equals the
probability that this random walk never visits the origin up to time
a + (3, which equals g%g by Theorem 2.2.1.
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One can use (2.2.2) in another way. Since the number of paths starting
at the origin, ending at (2n,2y) and not going through the origin for
times 1,2,...,2n, equals Naj_1,2y—1 — Nop—1.24+1, dividing by the total
number of paths up to time 2n gives

1 1
P(Sl >0,..., So,, > 0, Sop, = 2y) = §P(Sgn,1 = 2y — 1) — §P(52n,1

The %s appear because of the choice on the last step. By summing
over y = 1,...,n, this gives

1
P(Sl >O,...,Sgn>0):§P(Sgn_1:1).

In the same way, P(S; <0,..., S, <0) = 3P(S,_1 = —1). We have
shown

THEOREM 2.2.2. For the simple random walk starting at the origin,
P(S1#0,...,89, #0) = P(S5, =0). (2.2.3)

We can use this identity in many ways. For example, consider the first
return to the origin, Ty := inf{k > 1 : S = 0}; we can express its
distribution as follows

P(To>27”L>:P(S17é0,...,52n7é0):P(SQHZO) L

N
In particular, P(Ty = oo) = lim,, ., P(Ty > 2n) = 0, and E[Tj] = oo,
which we already knew from Theorem 2.1.1.

As a second application of (2.2.3), we will now show that on a given
time interval, the walk spends most of its time on only one side of the
origin. Define the time of the last visit to the origin before time 2n:

Loy, :=sup{k <2n: S, =0}. (2.2.4)
THEOREM 2.2.3 (Arsine Law). Let 0 < a < b < 1. Then, as n — oo,
Lo,
P( <——=< b /
2n vVr(l—x)

The name of this theorem stems from the fact that by a change of

variable \/r = y,

(2.2.5)

Vb
2 1 2
= (arcsin Vb—arcsin v/a) .

1/b 1 p p
— —_—ar = — _— et
o Vel-u)  nla Viog | 7@

=2y+1).
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The counter-intuitiveness of the Arsine Law is that the asymptotic
distribution of % is symmetric around % In particular,

Lo, 1 1
P(<s)—.
o 2 2

Quoting Durrett: “in gambling terms, if two people were to bet 1$ on
a coin flip every day of the year, then with probability % one of the
players would be ahead from July 1st to the end of the year, an event
that would undoubtedly cause the other player to complain about his

bad luck”.

The Arcsine Law follows from the following lemma. Let ugy := P(So; =
0).

LEMMA 2.2.2. P(Lgn = 2]€) = UkUY—2k -

PrROOF. We have, by the Markov Property,
P(Lyy = 2k) = P(Sa, = 0, 52111 # 0, ..., S2, # 0)
= P(Sor = 0)P(Sop41 #0,...,89, # 0[Sy = 0)
= P(S2, =0)P(S1 #0,..., S92 #0),
which, by (2.2.3), proves the lemma. O

SKETCH OF THE PROOF OF THEOREM 2.2.3: Consider the sequence
a, (resp. b,) defined such that 2na,, (resp. 2nb,) is the smallest (resp.
largest) even integer larger (resp. smaller) than 2na (resp. 2nb). Then,

Loy, Loy,
P(ag 2—2 < b) :P(an < 2—2 < bn> = Z P(Lop—or)

n n
kang%gbn

= E UokU2pn—2k -

2
kia, <2k <b,

By the asymptotic behaviour of uy for large k, we have

1 1
Z U2k U —2k ™ 22; m \/m

k:a
b
n k(l_@) a Wa:(l—az)

kian,<2E<p, \/ T n

L
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2.3. Large Deviations: the Bernstein Estimate

What is the probability that the walk makes a large excursion, i.e.
how can one estimate the probability of events such as {S, > en}?
These happen to be exponentially small.

THEOREM 2.3.1. For all ¢ > 0,

62

P(S, >cn) <exp (- 1—6n) Vn >1 (2.3.1)
[t is important to notice that the Bernstein Estimate (2.3.1) can also

be used for a ¢ which depends on n, for example ¢ = n~

W=

PROOF. It is simpler to use the variables L,, := 2= 2t € {0,1,...,n}:

Lre )Ep(an<p+5)n),

P(S, > cn) = P<L >

Withp:%, 0 = 5. Now

P(Luz(@+0m)= S PlLio=k= Y <k>pkan

(p+0)n<k<n (p+0)n<k<n
Introduce a parameter A > 0 that will be chosen below, and observe

that for each k of the sum, one has 1 < e**=@+9n) By rearranging
k—pn=qk —pn—k), we get

P(Ly > (p+0)n) <e ™ Y <Z) [pe ) [ge )" *

(p+0)n<k<n
< e (pe)‘q + qe_Ap)n

. 2
Since e < x 4+ e"", we get
52

P(Ln Z (p —|— 5)”) S 6—)\571 (pe)\QqQ _|_ qe)\2p2)7’b S 6_)\5n 2n B_Tn7

once we choose \ := g. This proves the theorem. (]

2.4. The Law of the Iterated Logarithm

In this section we consider only p = % We have seen in Theorem 2.3.1
that when ¢ > 0, {S,, > cn} are very rare events. Nevertheless, the
simple symmetric random walk does make excursions far from the ori-
gin, and we make this precise in the present section, following Révész
[RévO05].
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Loosely speaking, the aim is to find an increasing sequence of intervals
centered at the origin Iy C Iy C Iy C ... such that, almost surely,: 1)
S, belongs to I,, unless maybe for a finite number of times; in this
sense, the sequence of intervals I, contains the whole trajectory of the
walk, 2) the sequence [, is the smallest possible, in the sense that S,
must hit the boundary of I,, infinitely many times.

The Law of the Iterated Logarithm below shows that the sequence I,

must grow like
|I,,| = y/nloglogn. (2.4.1)

Let us argue in favor of the appearance of something of the form
“loglog”. The details are left as an exercise (Exercise 2.7). First,
from the Strong Law of Large Numbers (2.0.6),

lim Sn _ 0 as. (2.4.2)

n—oo M
almost surely, and so clearly we need |I,| < n. On the other hand,
normal excursions, of order n%, are described by the Central Limit
Theorem: they are probable. Therefore, we need |I,,| > nz. Then,
as can be seen easily, E[S?*] = O(n*) for all k > 1. By Chebycheff’s
Inequality, P(|S,| > nzt¢) = O(n=2%) for all € > 0, which implies

. Sy

lim

1
n—00 3 t€

=0 as. (2.4.3)

This shows that |I,| < nz*¢ for any € > 0. The next candidates are

therefore amplitudes of order n%(log n)°, § > 0. Nevertheless, it can
be shown (see [R.88] p.65) that for all € > 0,
Sn

lim — — =0 as. (2.4.4)
n—00 N3 (log n)§+€

The sequence I, must therefore satisfy n? < |I,| < n2(logn)2** for
all ¢ > 0. The good rate happens to be the one given in (2.4.1) with a

constant equal to v/2, as shown in the following result, due to Khinchin
(1923).

THEOREM 2.4.1 (Law of the Iterated Logarithm). Let (S,),>0 denote
the simple symmetric random walk on Z. Then, almost surely,

lim sup S 1  and liminf S

n—oo /2nloglogn - n—oo +/2nloglogn -

—1.
(2.4.5)
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The Law of the Iterated Logarithm implies, in particular, that lim sup,, S,, =

+00, liminf, S, = —oo almost surely, which implies that P(S, =
x i.0.) =1 for all x € Z. That is, the symmetric random walk visits
any site an infinite number of times. In particular, it is recurrent.

Although Theorem 2.4.1 holds under more general assumptions on
the increments (X,,), we will prove it in our simple setting, following
Révész [Rév05]. The central ingredient is the following combinatorial
lemma.

LEMMA 2.4.1. Let (S,)n>0 denote the simple symmetric random walk
on Z. Let M, = maxo<j<y|S;j|. There exist two constants ci,cy > 0
such that for any sequence 0 < k, = o(n%), the following holds for
large n:

A% < P(S, > nik,) < ZeF, (2.4.6)
k., kn

n 1 4 n
;—16% < P(M, > niky,) < %e% . (2.4.7)

The events {S,, > n2k,} describe fluctuations which are slightly larger
than normal, which is exactly what we need since in our case k, ~

Vioglogn = o(ns).

PRrOOF. The inequalities (2.4.6) rely on the Local Limit Theorem
2.0.1. Take L > 0 large enough, and consider the decomposition

P(S, > n?k,) = P(n?k, < S, < Ln®k,) + P(S, > Ln7k,)

For the first term, we can use the Local Limit Theorem to obtain
1
upper and lower bounds: with k, = o(n?) one has, for large enough n,

Lan
P(n?k, < S, < Lnk, \/ e

k n2k

1 Ln%kn 2
~— [ e andr
\/ﬁ n2k,

= e 2dy = e Tdy~—e 2.
k k kn

n n
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For the second term, we use the Bernstein Estimate (2.3.1) with ¢ =
Cp = Ln_%kn:

1 02 L2 k2
P> L) 05 e < - ) o (-8

which, when L is large enough, becomes negligible compared to (2.4.8).
This shows (2.4.6). Then, (2.4.7) follows from (2.4.6) and P(M, >
a) < 4P(S,, > a). To see this, we first show that if M, = maxo<;<, S;,
then

P(M >a)=2P(S,>a)+ P(S,=a). (2.4.9)
For a = 0 the identity is trivial. For a > 0, write
P(M; >a)— P(S, =a)=P(M, >a,S, <a)+ P(M >a,s, > a)
= P(MS>a,S,<a)+ P(S,>a).
(2.4.10)
It therefore suffices to show that
P(M' >a,S,<a)=P(M>a,S,>a).

But this follows from a simple reflection argument analogous to what
was done in the Reflection Principle: on {M," > a, S, < a}, consider
the first time n’ at which the walk crosses the line L = {(z,y) : y = a}.
On [n/,n] reflect the path across £, which transforms the constraint
S, < a into S,, > a. O

PROOF OF THEOREM 2.4.1: Define A,, := /2nloglogn. We first
show that for all € > 0,

M,
lim sup . <1l4¢€ as. (2.4.11)
n—oo n

Since S, < |S,| < M,,, this implies lim sup,_,,, 2> < 1+e. By (2.4.7),

1

P(My 2 (14 k) < oo

for large enough n. If we consider a subsequence n; = |6*], where
6 > 1, then (logn)!*¢ ~ k¢ and by Borel-Cantelli we get P(M,, >
(14 €)A,, i.0.) = 0, which means

. M k
lim sup <1l+e€ as. (2.4.12)
k—oo Ank
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For any large n, consider the number k£ > 1 for which ny <n < ng,1.
We have (here it is crucial that M,, increases with n)

Mn < Mnk+1 . Ank+1 Mnk+1

A, TN, A, A

Nk+1

Since A
lim —%*L — /g, (2.4.13)

k—o0 Nk
and since 6 can be taken arbitrarily close to 1, we have shown (2.4.11).
For the lower bound, we use the same subsequence n; and show that
6 can be taken large enough so that almost surely, for infinitely many

ks,
Shi

Nk

>1— 2. (2.4.14)

This implies lim sup,,_, o, i—” > 1 —e. In order to use Borel-Cantelli for
the lower bound, we consider the independent events {S,,,, — Sy, >

(1—¢€)A,,,,}. Since S,,,, — Sy, has the same distribution as Sy, ,,n,,
we have by (2.4.6), for large enough k and 6,
S A,

P(Snk+1 - SNk 2 (1 - G)AWCH) - P|: S > (1 - 6)

V41 — Nk
C 1

= (logng) 1 kU
where C'= C(#) > 0. This implies that {S,,,,—S,, > (1—€)A,,,, i.0.}
has probability one. On this set, we write (this holds for infinitely
many ks)

Vk+1 — N

Snk+1 _ Snk+1 - Snk + Ank Snk 2 (1 - 6) Ank %
Ank+1 Ank+1 Ank+1 Ank Ank+1 Ank
A, M,
>(1—¢) — ———=
Ank+1 Ank
By (2.4.13) and (2.4.12),
A, M 1+e€
lim sup —&- " < <e as.
k—o00 Ank+1 Ank \/é
for large enough 0. This proves (2.4.14). O

The almost sure information provided by the Law of the Iterated Lo-
garithm for the excursions of the walk are as follows: for all € > 0, we

have
Sp < (14 €)y/2nloglogn
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for all large enough n, and

Sp > (1 —€)y/2nloglogn

for an infinite number of ns. This shows that the largest typical excur-
sions are of order /2n loglogn. Various refinements of this asymptotic
behaviour can be found in [Rév05]. For example, for all € > 0,

S, < v/n(2loglogn + (3 + ¢) loglog log n)

for all large enough n, and

S, > v/n(2loglogn + 3logloglogn)

for an infinite number of ns.

2.5. Exercises

EXERCISE 2.1. ([Str05] p.18) Let Z1,..., Z, be independent, identi-
cally distributed with Z; ~ exp(1). Show that for all 0 < R < /n,

1 7 e+ 7 — 1 +v/nR+n

1-— < PH s n’ < R} = / t"leTdt < 1
2 n (= L) e

Make a change of variables to obtain

+v/nR+n ) R g2
/ t"leTldt = nn_ﬁe_”/ exp | — — + En(0)]do,
—v/nR+n —-R 2

where

En(a):(n—l)log(lJr%)—\/ﬁa+%2.

Use a Taylor expansion for log(1+4x) to show that ), (¢) — 0 uniformly
for |o| < R. Combine to obtain

1 1 R
1 . phtaen +R 2 _ ntaem [t 2
1——2§hmmf— e 2do < limsup ——— e 2do<1.

This proves Stirling’s Formula: n! ~ v/27wnn"e™",

EXERCISE 2.2. Show Abel’s Theorem: if @, > 0 and > a,s" is con-
vergent for all 0 < s < 1, then lim, ;- ) a,s" = > a, (whether
both are finite or infinite).

EXERCISE 2.3. Show the Markov Property of the simple random walk:
for all x1,...,2,1 € 7Z,

P(Sn+1 = an\Sn = Tpy. -y Sl = 5131) = P(Sn+1 = £L"n+1|Sn = In) .
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Use this to prove that P(Ss, = 0|7y = 2k) = P(S9,_or = 0), where Tj
is the time of first return to the origin.

EXERCISE 2.4. Show the Martingale Property of the simple symmet-
ric random walk (S,),>0: 1) E[|S.]] < oo for all n, 2) if &, =
o(X1,...,X,) denotes the o-algebra generated by Xj, ..., X, then

E[Sn+1‘?n] = Sn a.s.

EXERCISE 2.5. Show that

2(2”) (pgs?)" = ——2
nso \ T V1 —4pgs®

EXERCISE 2.6. [GS05] p. 27. Consider the random walk defined by
So:=0,5,:= X1+ -+ X, where the X} are integer valued, i.i.d.
random variables. The range of the walk up to time n is the number of
distinct integers k£ € Z for which there exists m < n such that S,, = k.
Show that

P(R,=Rny1+1)=P(S £0,...,5, #0),

and conclude that when n — oo,

E[R,]

— P(Sy # 0k > 1).

What is the value of this limit in the case of the simple symmetric
random walk?

EXERCISE 2.7. (Towards the Law of the Iterated Logarithm, [Rév05]
p29-30.) Consider the simple random walk on Z, denoted (5;,);>1.

(1) Verify that E[|S,|?] = n, and estimate P(|S,:| > en?) for all
e > 0. Conclude that @%' — 0 a.s. From this, deduce:

— — 0 as. (Borel, 1909) .

(2) Show that E[S*] = O(n*) when n — oo. Conclude that
P(|S,| > nzt¢) = O(n=2%) for all € > 0, which implies

Sn
n%-ﬁ-e

(3) Show that for all ¢, E[e>"] = (cosht)”. Compute limnE[e%].
Use this to bound P[S,, > (1+¢€)nz logn] for large n. Conclude

— 0 a.s. (Hausdorft, 1913)
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that

limsup ———— <1 a.s.

n—oo N2 logn
EXERCISE 2.8. [GS05] p. 332. Let (X,),>1 be independent, S, :=
X1+ -+ X, A function ¢ = p(x) > 0 is said to belong to the
the upper class if P(S, > ¢(n) i.0.) = 0. Consider the case where
X ~ N(0,1), and study functions of the form p(x) = /Azrlogz,
A > 0. For which values of A does ¢ belong to the upper class?

Hint: use
o0 t2 1 1)2
/ e 2dt < —e 7.
. T

EXERCISE 2.9. Consider Ay :={0,1,2,..., N}, andlet 9Ay := {0, N},
intAN = AN\c‘?AN = {1, 2, ceey N — 1}

(1) A function f: Ay — R is called harmonic if

fla—1)+ flz+1)
2

(a) Show the Maximum Principle: a harmonic function attains
its maximum and minumum on OAy.

(b) Consider the Dirichlet Problem: find a harmonic function
f such that f(0) = a, f(N) = b. Show that the solution
to the Dirichlet Problem is unique. Hint: consider two
solutions f, g and study h := f — g.

(2) For each z € int A, consider the simple symetric random walk
starting at x. Let py(x) denote the probability that the walk,
starting at x, reaches 0 before N. Clearly, py(0) = 1, py(N) =
0. Show that py : Ay — [0,1] is harmonic. Make an ansatz
for the solution of the Dirichlet Problem. Assuming N is even,
compute py(5) and N — oo.

(3) ([GS05] p. 74) Generalize to the non-symmetric case: take
p € (0,1), p # 3, and let ¢ := 1 — p, and define a function
f : Ay — R to be harmonic if

qf(x—=1)+pf(x+1)= f(z) forallz €intAy.

Prove the same statements as in (1). Show that in (2), the solu-
tion is of the form py(z) = aff +b03, where 61 = 1, 65 = %. Use
the boundary condition to find the constants a and b. Compute
limy o pn(x) for a fixed x > 1 and then limy_, pN(%). Can
you obtain recurrence?

= f(x) forall z € intAy.
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(4) A gambler wins 1$ with probability p and loses 1$ with pro-
bability 1 — p. The game stops only when the gambler goes
bankrupt. If he starts with an initial amount of £$, what is the
probability of him going bankrupt?

EXERCISE 2.10. [Str05] Let By, Bs,... be ii.d. Z-valued random
variables with 0 < E[|Bi|] < oco. Let [z]T := max{0,z}. Define the

queue (Qn)n>0 by Qo := 0,
Qn = [Qn-1 + Bn]Jr :
(1) Show that (voir Landim p. 110)
Qn =S, — min S, = max (S, — Sn),

0<m<n 0<m<n
where S, := >_7_; By, Sp := 0. Conclude that for each n > 0,
the distribution of ), is the same as that of M,, = maxo<,,<n Sp-
(2) Set My, := lim,, ..o M,, € NU {o0}. Conclude that

(3) Set p := E[By]. Use the WLLN to show that when u > 0,
P(M, = o0) = 1. Do the same when p = 0 (use a previous
exercise). Conclude that when E[By] > 0, P(Q,, = j) — 0 (the
queue grows infinitely long).

(4) Assume now p < 0. Use the SLLN to conclude that P(M,, <
oo0) = 1, and therefore ), has a limiting distribution v, :=
limy oo P(Qn = j) = P(Mx = j), with ) v; = 1.

(5) Consider the case where the B, are Bernoulli with parame-
ter p. Proceed as in part (4) of Exercise 2.9 to compute the
distribution of M., and obtain

{0 if p>gq,

%(2)1 ifp<gq.

lim P(Q, =7j) =
q

(6) Generalize the preceding to the case where B,, € {£1,0}, p =
P(B; = +1), ¢ = P(B; = —1). Here the idea is that M is
distributed in the same way as sup,, ¥;, where Y}, is the random

walk corresponding to Bernoulli variables with parameter Z%Q'

EXERCISE 2.11. The Branching Process. Let Y € {0,1,2,...} have
distribution P(Y = k) = pg, >, pr = 1. Consider an array (YZ-(J), i,j >
1) of independent random variables which all have the same distribu-
tion as Y. We define a process describing the evolution of a population
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in which all individuals can have children, and the number of the ith
individual of the jth generation is YZ-(] ). We consider the number of
individuals of the population at generation n, denoted X, and that
there is exactly one individual at generation 0: X, := 1. Then, for
n>1,

{Yl(”>+---+Y)((”> it X, >0,

Xn+1 = " .
0 if X,,=0.

We say the population survives if X,, > 0 for all n > 1, and dies
if there exists n such that X,, = 0. Clearly, the mean number of
children per individual, A := E[Y], is determinant for the survival of
the population. The problem is interesting only if one assumes that
po = P(Y =0) > 0. Let 7 denote the probability that the population
dies out. We will show the following result:

A<1l=mnm=1,
A>1=nm<l1.
(1) Show that 7 = lim,, 7, where 7, := P(X,, = 0).
(2) Consider the generating function of Y, f(t) := Ele!¥]. Show
that f(0) >0, f(1) = 1.
(3) Show that f is differentiable at all t € (—1,+1) and that

lim; - f'(t) = . Show that f is convex.
(4) Let f,(t) :== Ele'*"]. Show that f,(0) = m,, and that

foia(t) = fu(f(2), Vi€ [0,1].
Hint: to study X,,,1, condition on X,,.

(5) Show that m,,1 = f(m,). Take the limit n — oo and study the
solutions of the limiting equation in function of .






CHAPTER 3
Kolmogorov: Extension Theorem and 0-1 Laws

A great deal of Probability Theory is to state convergence results for
sequences of i.i.d variables X7, Xs,.... We give here the construction
that shows that such sequences do indeed exist, and then give general
asymptotic features of these sequences, known as 0 — 1 Laws.

3.1. The Extension Theorem

The main existence theorem for families of independent random va-
riables with prescribed distributions is the following.

THEOREM 3.1.1. Let (v,)n>1 be a sequence of probability measures on
the line (R, B(R)). Then there exists a probability space (), F, P)
and a sequence of independent random variables (X,),>1 defined on
(Q,F, P) such that for each n > 1, the distribution of X,, is given by
vn: for all Borel set B € B(R), P(X, € B) = v,(B).

This will follow from a more general result, Kolmogorov’s Extension
Theorem, which allows to construct sequences (X,,),>1 with particular
dependencies, for example Markov chains (see Theorem 4.1.2).

The natural space, to construct sequences of real variables is the in-
finite product RY, elements of which are sequences w = (wy,ws, ... ),
wr € R. Let J denote the set of intervals of the line of the type
(—00,a), la,b), or [b,+00). A simple rectangle in R" is a set of the
form Iy x - -- x I,, where each [}, € J. Let R" denote the algebra gene-
rated by simple rectangles. As can be verified easily, elements of R"

are finite disjoint unions of simple rectangles. The product o-algebra
on R" is B(R") := o(R").

For m < n, define the canonical projection 7! : R" — R™ by

(Wi, wp) = (W1, ey W) - (3.1.1)

35
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When n = oo, we write 7, for the projection 7, : RN — R™, defined
by

T(wi, wo, ... ) == (W, ..., W) - (3.1.2)
We have

™ oM, =m,, and (7)) t=m,om " . (3.1.3)

On RY| the algebra of cylinders of size n is defined by €, := m, }(R").
Let € := J,>; Cu. Since €, C €, when n < p, € is an algebra on RN,
called the algebra of cylinders. Finally, B(RY) := o(€).

THEOREM 3.1.2 (Kolmogorov’s Extension Theorem). Let (p,,)n>1, where
in 1S a probability measure on (R™, B(R"™)), satisfying the following
compatibility condition: for all n > m,

fi 0 () = pi, . (3.1.4)

Then there exists a unique probability measure P on (RN, B(RY)) such
that

Porm, ' =p,, V'n>1. (3.1.5)

PRrROOF. The compatibility condition (3.1.4) will allow to define a
probability P on the algebra €, which we then extend to B(RY) using
Carathéodory’s Extension Theorem. Let B € €, i.e. B = m,'(R) for
some n > 1, and R € R". Define

P(B) := un(R) .

Since C, C €, when n < p, the representation of B is not unique,
and we must verify that each such representation leads to the same
number P(B). So assume B = 7, '(R) = n,'(R'), where R’ € €, with
p > n. This implies, by (3.1.4) and (3.1.3),

pn(R) = () (R)) = pp((mp(m, (R))) = pip(R) -
This shows that P is well defined on €. We verify that P is additive:
let A,B € € AN B = (. There exist m,n such that A = 7, }(R),
B = m Y(R), where R € R", R € R™. Letting p := max{n,m},
we get AUB = m, ' ((7)~'(R) U (7,)'(R')), and since (77)~'(R) N
(mh,)~H(R) =0,
P(AU B) = ()" (R) U (mh,) " (R))
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To verify o-additivity, let B, € @G, B, \, 0. We will show that
P(B,) \\ 0 ad absurdum: assuming that P(B,) \, 2A > 0, we will
show, using a compactness argument, that (), B, # 0, a contradiction.

We can assume, without loss of generality, that B, € C,, i.e. B, =
7w Y R,) and P(B,) = u,(R,) for some R, € R". Since pu, is a proba-

n
bility measure, there exists a compact R, C R, such that

pn(Ro\Ry) < ; (3.1.6)

Then, there exists R, € R" and a compact R, such that R, C R, C
R, C R, and such that, with B! := 7 }(R)),

_ )\
P(B,\B;) = P(m," (R\R)) = p(Ra\R}) < pia(Ru\Ry) < o
Set B, :=m, (E ), and D,, := (\'_, By, which is decreasing. We will

show that ﬂ D, # 0, which yields a contradiction since (), D
N, Bn = 0. Let also D!, :=(,_; B}

P(D}) > PDyB,) = P(B.)~P(BAD,) > 2A-3" P(B\BY) > A
k=1

In particular, D; # 0, and so D, # 0. For each n, take w" =
(Wk>1 € D,,. Consider the sequence (w/),>1. Since for all n > 1

W € m1(D,) C m(Dy), which is compact, there exists a subsequence
of 1,2,..., denoted (n(1,7));>1, such that

wy = lim wl(l I exists.

J—00

~

Then consider the subsequence (wy (L3 )>j21- Since wQ(lj ) € mo(D1),
which is compact, there exists a further subsequence of (n(1,7));>1,
denoted (n(2,7));>1, such that

2,j :
wy = lim w2( I exists.

j—00
This procedures goes on until having constructed, for all k, some sub-
sequence of (n(k —1,7));>1 denoted (n(k,j)),>1, such that

n(k.j)

wy = lim w,, exists.

J—00
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Consider the diagonal sequence (n(7, j));>1, which is a subsequence of
all the previous ones. Therefore,

n(j.j) n(j.j)

Jli_)rglo(wl w7 ) = (W, wy)
for all k. Since (w?(j’ﬁ, o ,wZ(j’j>) € Wk(ﬁn(j,j)) for large enough j, and
since 7y, (Dyyj ) is closed, m,(Dy(j5)) C mr(Dy), we have (wf, ..., wj) €

Tr(Dy). This implies that the full sequence w* := (wi,w3,...) € Dy
for all k, which proves that (), Dy # 0. O

REMARK 3.1.1. Usually, the cylinders are defined to be sets of the form
7. 1(B), where B € B(R") (rather than B € R"). This definition can
be shown to lead to the same o-field B(RY). The only difference, in the
proof of the Extension Theorem, is that to guarantee the existence of
the compact set R, in (3.1.6) requires a classical theorem from measure
theory that says that any measure on a complete separable metric
space is tight, i.e. the measure of any Borel set can be approximated

from below by compact sets. We will come back to these properties in
Chapter 7.2.

PROOF OF THEOREM 3.1.1: Consider Q) := RY, with the o-algebra
B(RY) defined above. For each n > 1, consider the product measure
on (R", B(R™)) defined by p, := 11 ® -+ ® v,,. The sequence (fin)n>1
clearly satisfies the compatibility condition (3.1.4). The measure P is
thus the one given by Kolmogorov’s Extension Theorem. Moreover,
defining X} : Q — R by X;(w) := wy, we have that

P(AXZl c Bl, e ;Xz'k € Bk) = Vz'l(Bl> e Vzk<Bk> = f)()(l1 c B1> e P(sz € Bk> ,
which shows that the X} are independent. [l

Kolmogorov’s Extension Theorem shows that one can always consider
a family of random variables (X,,),>1 as constructed on the product
space (RY, B(RY)). Namely, assume (X, ),>; lives on a probability
space (€2, F, Q). Define the marginals

pn(Br X -+ X By):=Q(X1 € By,...,X,, € By),

and construct the measure P on (RY, B(RY)) using the Kolmogorov
Extension Theorem. Then, define for all w = (w1, ws, .. .),

Xn(w) :==wy, .
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~

Then (X,,),>1 is distributed exactly as (X,,),>1. The advantage of wor-
king on (RN, B(RY)) makes it easier to define shifting and permuting
operations, as will be seen later.

3.2. The 0-1 Law of Kolmogorov

Consider a sequence of random variables (X,,),>1 defined on a same
probability space (2, F, P), for example on the product space of the
previous section. Events which are relevant in the study of (X,,),>1
are events which are sensitive only to asymptotic properties of this
sequence. For example, the Strong Law of Large Numbers asserts
that if the sequence is i.i.d., then

S — E[Xj] as.

n

One could ask, for example: why is the preceding limit not random?
It happens that the event {% has a limit} does not depend on any
finite number of variables X}, and such events have the particularity
of not being random, in that their probability is either 0 or 1, as we
shall see below.

Let F2° := o(X,41, X2, - . . ) denote the smallest o-algebra for which
each Xy, k > n, is measurable. The sequence of o-algebras (F5°),>1
is decreasing: F,° D F.° ;. The tail o-field is defined by

T =[5 (3.2.1)
n>1

The events in T, are called tail events. Observe for example that
{lim,, X,, = ¢} is a tail event, since

(lim X, = b= () U N5 —el < -}

m>1n>m j>n™

~
€FXCIy
\ -~ 7
€eFrCcTe
A 7
Vv

eFoo

On the other hand, {}° ., X,, = c} € T

THEOREM 3.2.1 (0-1 Law of Kolmogorov). Assume the variables (X,,)n>1
are independent. Then P(A) € {0,1} for all A € T.
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The proof relies on two lemmas. The first, although intuitively ob-
vious, requires a proof of a rather abstract nature; see Corollary B.0.3
of Appendix B.

LEMMA 3.2.1. Assume the variables (X,)n,>1 are independent. Then
forallk>1, 0(Xy,...,X;) and 0(Xj11,...) are independent.

LEMMA 3.2.2 (Approximation Lemma). Let (2, F, P) be a probability

space, where F is generated by an algebra A. Then for all E € F there
erists a sequence A, € A such that P(EAA,) — 0.

PROOF. Let G denote the family of sets E € F for which the pro-
perty holds. We show that §G is a o-algebra; since it contains A, this
will show the lemma. Obviously, 0, € G, and since P(E‘AAY) =
P(EAA,), § is stable under complementation. Then, let E,, € §. We
verify that £ = |J, £, € §. Take ¢ > 0. Consider, for each n > 1,
some A, € A such that P(E,AA,) < 27D If D =, ., Ay, we

have P(EAD) = lim,_... P(EADy), where Dy := |J_, A,. But
P(EAD) = P(E N D) + P(D N E°)
<> P(E,ND)+> P(A,NE")

n>1 m>1
€
<) P ¢ n) = <5
<Y P(E,NA)+ Y P(A,NE,) =Y P(E,AA,) < .
n>1 m>1 n>1
Therefore, if N is sufficiently large, P(EADy) < €. Since Dy € A,
this shows that £ € G. ]

PROOF OF THEOREM 3.2.1: Let A € T, C (X3, Xo,...). Since
(X1, Xa,...) = 0(A), where A = J,~;0(X1,...,X,) (see Exercise
3.4), we can use the Approximation Lemma: there exists a sequence
A, € A such that lim,, P(AAA,,) = 0. Therefore, P(A) = P(ANA) =
lim, P(AN A,). Since A, € 0(Xy,...,X,,) for some sufficiently large
m, and since A € o(X,,41,...), Lemma 3.2.1 implies that A and
A,, are independent: P(AN A,) = P(A)P(A,). Therefore, P(A) =
lim,, P(A)P(A,) = P(A)? and so P(A) equals 0 or 1. O

An immediate consequence of the 0 — 1-Law of Kolmogorov is

THEOREM 3.2.2. Assume the variables (X,)n,>1 are independent. Then

any Js-measurable random variable Z s almost surely constant: there
exists —oo < ¢ < +o0 such that P(Z = ¢) = 1.
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PROOF. By hypothesis, {Z < x} € T, and therefore P(Z < z) €
{0,1} for all z. Since x — P(Z < z) is non-decreasing and right-
continuous, one can define ¢ := inf{z : P(Z < x) = 1}, which gives
P(Z=c)=1. O

For example, consider the simple random walk on Z, denoted (.S;,),>1.
Define

Z :=limsup S :
n—oo 2n loglogn
Clearly, Z is T, -measurable, and by the previous theorem there exists
c € RU{z£oo} such that P(Z = c) = 1. As we saw in Section 2,
c=—+ooif p > —, c= —oo if p < 5, and by the Law of the Iterated
Logarithm, c=1if p = 2

Let us see further consequences of the 0 — 1 Law, in the general case
where the variables X, are independent. Of central interest in the
asymptotic properties of (X,,),>1 are the partial sums S, = > ,_; Xj.
These lead to two particular types of random variables. First, if one
considers the random series lim,, S, = » - X;,, then the 0-1 Law says
that

P(ZXn converges) e {0,1}.

To guarantee that the above number is 1 can require some work. We
will see later how a simple condition on the variances of the X,,;s allows
to show that this probability is indeed 1. See Theorem 5.4.3 in the
chapter on martingales.

Second, let (ay,),>1 with a,, — 0o. Define the average

4, =1
=
Laws of Large of Numbers study conditions under which these averages
have limits. Since one can always write, for all m < n,

1 = 1 <
Av=o=d Xt =) X
n k=1 Gn =m
we see that when n — oo, the first term always vanishes. This shows

that {lim,, A,, exists} is invariant under a change of finitely many ran-
dom variables Xj. Therefore, P(lim, A, exists) € {0,1}. Considering
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in particular random variables of the type X,, — E[X,] with a, = n,

P(% Z(Xk — E[X4]) converges) € {0,1},
k=1

which shows that the Strong Law of Large numbers reduces to giving
conditions on the variables Xj under which this probability is 1 (and
not 0!).

More generally, a tail-o-algebra can be created starting from any dec-
reasing countable collection of o-algebras: let (F,),>1 be such that
F,11 C F,. Then One can define as before

T =[] Fn. (3.2.2)

n>1

Above we had F,, = 0(X,,, X;,11, ... ). Another example can be const-
ructed as follows: let Eq, F»,... be any sequence of events, and take
F, := 0(En, Eng1,...). Then the events limsup,, £, and liminf, F,
clearly belong to J,,. Moreover, if the events F,, are independent, we
conclude that both P(limsup, E,) and P(liminf, E,) equal either 0
or 1. The Borel-Cantelli then gives a criterium to decide whether it is
0 or 1 by considering the convergence of the series Y P(E,).

3.3. The 0-1 Law of Hewitt-Savage

In the case of the simple random walk on Z, it can be seen that
{S, = 01i.0.} is not a tail event. Therefore, one can not deduce di-
rectly from the 0-1 Law of Kolmogorov that P(S, = 01i.0.) € {0,1},
although we know this to be true by the recurrence properties of the
random walk. Observe that although {S, = 0 i.0.} may be sensitive
to a change of a finite number of the variables X}, it nevertheless re-
mains invariant under the permutation of two variables X,,, X,,: the
Hewitt-Savage gives a 0-1 Law for events that are invariant under fi-
nite permutations of variables.

The notion of “permutation” of two variables needs to be made pre-
cise. Observe that since the events under consideration are defined
only in terms of the variables X}, (that is, contained in the o-algebra
o(X1,...)) we might as well use for the underlying probability space
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the infinite product
(2, 9) := (RY, B(RY))

constructed in Section 3.1, and take Xj(w) := wy. Notice that in this
case, o(X1,...,X,) = B(R") and o(X1, Xs,...) = B(RY).

Let ¢ : N — N be a finite permutation, i.e. a bijection such that
{k € N : p(k) # k} is finite. Let II denote the set of all finite
permutations. Define ¢ : 2 — ) by

gp(wl,wg, .. ) = (w(p(l),w(p(g), . ) .

LEMMA 3.3.1. For each ¢ € II, ¢ : Q — Q s measurable: VA € F,
0 1(A) e F.

PROOF. Let D denote the class of events A € F for which ¢1(A) €
F. Then clearly D D C, and is easy to verify that D is a o-algebra.
Therefore, D = F. ]

LEMMA 3.3.2. Assume the variables (X,,)n,>1 are independent and iden-
tically distributed. Then Po @~ = P for all ¢ € II.

PRrOOF. Take ¢ € II and define ) := P o ¢!, Then, as can be
easily seen, QQ(A) = P(A) for all cylinder A € €, and therefore ) and
P coincide everywhere. (]

An event A € JF is called exchangeable if o~ }(A) = A Vo € II. The
class of exchangeable events forms a o-algebra denoted €. Observe
that all tail events are exchangeable: T, C €. Nevertheless, {5, =
0i.0.} € E\T. The following is thus a generalization of the 0-1 Law
of Kolmogorov.

THEOREM 3.3.1 (0-1 Law of Hewitt-Savage). Assume the variables
(Xn)n>1 are independent and identically distributed. Then P(A) €
{0,1} for all A € €.

PrROOF OF THEOREM 3.3.1: Let EE € €. We proceed as in the
proof of the 0-1 Law of Kolmogorov. Since € C o(X3, Xo,...), and
since 0(X1, Xo, .. .) is generated by the algebra A = J,~; (X1, ..., X,),
we can use the Approximation Lemma: there exists a se_quence A, eA
such that lim, P(EAA,) = 0. We can assume without loss of gene-
rality that A, € o(Xy,...,X,). For each n > 1, consider the finite
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permutation ¢, : N — N defined by

k+n ifk=1,...,n,

onlk) =<k—n ifk=n+1,...,2n,

k it & > 2n.
Observe that o, satisfies ¢? = id, i.e. p, ' = ,, and that ¢ 1(A,) €
0(Xpn+1,--.). Therefore, since the variables X}, are independent, Lemma
3.2.1 gives P(A, N, (A,)) = P(A,)P(p,'(A,)). By Lemma 3.3.2,
P(p,1(A,)) = P(A,). Therefore, P(A, Ny, (A,)) — P(F)* when

n — 00, and we can write
[P(E) = P(E)’| = lim |P(E) — P(A, N, (A,))]
< limsup[P(EAA,) + P(EA%; (An))]

zlimsupP(EAQOH (An))
= limsup P(EAg, ' (A)). (3:3.1)

We used the inequality |P(E) — P(C1NCy)| < P(EAC))+ P(EACY),
which can easily be verified !. Now since E € &, we have E = ¢, 1(E).
Therefore,

P(EAp, (An) = P(p, (B)Ag, ' (An) = P, (EAA,)) = P(EAA,),

where we used the fact that ¢, is a bijection in the second equality,
and Lemma 3.3.2 in the last. But since P(EAA,,) — 0 when n — oo,
(3.3.1) shows that P(E) = P(E)?, and finishes the proof. O

The 0-1 Law of Hewitt-Savage gives the following weak characteriza-
tion of recurrence for the simple random walk on Z, denoted S,,.

THEOREM 3.3.2. Let (S,)n>1 denote the simple random walk on Z.
Then, with probability one, exactly one of the following events occurs:

(1) {lim,, .~ S, = +00},
(2) {lim,, . S, = —0},
(3) {liminf, . S, = —oco} N {limsup,,_,., S, = +o0}.

PRrROOF. Define Z, := limsup,,_,., S,, Z- := liminf,, . .S,,. The
0-1 Law of Hewitt-Savage implies that these random variables are
constant almost surely: there exists c;,c. € R U {£oo} such that
P(Zy = cy) = 1. It suffices to show that the constants cy can’t be

IRirst verify that |P(E) — P(B)| < P(EAB), and then take B = C; N Ca.
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finite. Namely, assume that c, is finite. Then, since S/ := S,,11 — X
has the same distribution as S,,, we must have ¢, = ¢, — Xj, i.e.
X1 = 0 almost surely, which is absurd. [l

3.4. Exercises

EXERCISE 3.1. Show that the o-algebra on R" generated by rectangles,
i.e. set of the form By x ... B,, where By, € B(R), equals B(R").

EXERCISE 3.2. Prove Theorem 3.1.1.

EXERCISE 3.3. Show that the Kolmogorov’s Extension Theorem gene-
ralizes easily to families (X¢)ier, where [ is an arbitrary set of indices,
for example I = [0, 1]. (voir les deux gus)

EXERCISE 3.4. Seja X7, Xo,... uma seqiiéncia qualquer de variaveis
aleatorias. Mostre que

o(X1, X ...) :J(UJ(Xl,...,Xn)>.

EXERCISE 3.5. Show that a random variable which is T.,-measurable
is almost-surely constant.

EXERCISE 3.6. [Chu01] p. 270. Let (X,),>1 be independent, such
that P(X, = 4™") = P(X, = —4™") = 5. Is the tail field T =
o(Sp,n > 1) is trivial?

EXERCISE 3.7. Let Ty := (5, 0(Xn, Xpy1,...). Set S, = > 1 X
Determine which of the following events are in T.
{X, € I,i0.}, {lim Sh exists} , {lim S, exists and is < c} :
{limsuan < oo} : {limsupSn = oo} , {limsupSn > O} :
What must the sequence (¢, ),>1 satisfy in order to guarantee that the
event {limsup,, S,/c, > x} € T7

EXERCISE 3.8. Consider independent site percolation on Z?, d > 1.
Characterize the tail-o-field. Which of the events

{|Co| = 00}, {there exists an infinite connected cluster}
are trivial?
EXERCISE 3.9. Let (5,,) denote the simple symmetric random walk.

Show that P(limsup, S, = oo) = 1, without using the Law of the
Iterated Logarithm.
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EXERCISE 3.10. Consider the simple random walk on Z. Is it that
{S, =01i.0.} € T? Show that
e if p # 1, then P(S, = 01i.0.) = 0 (in particular, (S,) is transi-
ent).
o if p = 3, then P(S, = 01i.0.) =1 (in particular, (S,) is recur-
rent).

Hint: the first follows by a direct application of Borel-Cantelli. For
the second, observe that it suffices to show that P(A") = P(A™) =1,
where A* are the tail events

S
A+:{1' On _ } A — {1 g }
SRV~ 15233\/‘ o

Observe that A* = (-, Az, where Aj are the tail events
Az:{limsupizkz}, A;:{liminfig—k}.
n—oo \/ﬁ n—oo n

Use the Central Limit Theorem and the inclusion (prove!) {limsup,, Z,, >
¢} C limsup,{Z, > ¢} to show that P(A;) = 1 for all k.

EXERCISE 3.11. Show that for the simple random walk on Z, P(T} <
oo) € {0,1}.

EXERCISE 3.12. [Wil91] p. 229. Let (S,),>0 denote the SRRW. De-
fine A :=o0(Xy,...), T :=0(Sny1,...). Let

L= (oA T, M= a(A, N ‘Tn> .

n>1 n>1

Show that L # M. Hint: show that X; is L-measurable and indepen-
dent of M.

EXERCISE 3.13. Show that for the simple random walk on Z, lim sup,, .5,,
is constant almost surely.



CHAPTER 4
Markov Chains

This chapter is inspired partly by [Nev70] and [R.88].

4.1. Definitions and Basic Properties

Let S be a finite or countable set, which we call state space, endowed

with the o-algebra P(S) = {A: A C S}.

DEFINITION 4.1.1. Let (Q,F, P) be a probability space. A sequence of
S-valued random variables (X,)n>0 is a Markov chain (with state space

S)if for alln >0, X,, : Q — S is measurable and

P(Xn+1 = gjnJrl‘Xn = Tny -y XO = :UO) = P(Xn+1 = anrlan = xn)
(4.1.1)
for all xg,...,x,11 €S.

We avoided to mention that (4.1.1) holds P-almost surely, and will
usually continue doing so in the sequel. We don’t yet worry about
the structure of the underlying probability space (€2, F, P), although
a canonical choice will be made in Section 4.1.1.

We will mostly consider the case where the probability P(X, 1 =
Tp+1| Xy = x,) does not depend on n, that is where

P(Xnt1 = y|X, =) = P(Xy = y|Xo = 2)

for all n > 1. In such case, the chain is called homogeneous, and the
dependence among the random variables is determined by the numbers
P(X; = y|Xo = ), called transition probabilities. Observe that these
satisfy > o P(X1 = y[Xo = z) = 1 (P-as.) forallz € S. We
are interested in the study of Markov chains for which the transition
probabilities are specified a priori.

DEFINITION 4.1.2. A collection Q(x,y), x,y € S, is called a transition

probability matrix if Q(z,y) € [0,1] and if 3 s Q(z,y) = 1 for all
x € S. A homogeneous Markov chain (X,,)n>0 has transition probability

matrix () if
P(X,11 =y X, =2)=Q(x,y) P-a.s.

47
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foralln >0, x,y € S.

Although it might seem trivial at this point, observe that for ally € S,
x — Q(x,y) is measurable. The existence of a Markov chain associa-
ted to a transition probability matrix will be shown in Section 4.1.1.
Before going further we give a serie of examples.

EXAMPLE 4.1.1. Independent variables furnish a trivial example of Mar-
kov chain. Let (X,,),>0 be a sequence of i.i.d random variables with

distribution p over (S, P(S)). If we define Q(x,y) := wu(y), then by
independence,

P(Xpi1 = 21| Xn =, ..., Xo=20) = i(Tp11) = Q(Tn, Tny1) -

EXAMPLE 4.1.2. The two state Markov chain is defined for S = {1, 2}.
An example of a transition matrix is given in the following graphical
representation:

1
2

@ @

3

()

EXAMPLE 4.1.3. The random walk on S = Z% We considered the
simplest case of random walk in Section 2. Consider a sequence (Y},),>1
of Z%valued independent identically distributed random variables, and
denote their common distribution by p. Define Sy := 0, and for all
n>1,8,:=>,_; Y The sequence (S,),>0 is called a random walk

on Z%. Observe that, since Y, is independent of S, ..., S,, we have
P(Sn-i-l - xn—i—l‘sn — Tpy-- -y So = xO)
= P(Yn+1 = Tn+1 — xnlsn = Tny-- -, SO = 513'())

= P(Yn+1 = Tn+1 — ZUn)
= P(Y,11 = xpi1 — 2n|Sh = x3)
= P(Sn+1 = $n+1|sn = ZUn) .
Therefore, since P(Y,11 = Tpi1 — Tn) = p(Tns1 — o), (Sn)n>o 1S a

Markov chain with state space S = Z? and transition matrix Q(z,y) =
p(y —x). When

L if ||lofp = 1.
py=42 ! 4.1.2
p(z) {0 otherwise, ( )
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that is when p(+e;) = 2—1d where the eq, ..., e, are the canonical unit
vectors of R?, the random walk is called simple, symmetric. More will
be said on random walks in Section 4.3.2.

EXAMPLE 4.1.4. Uniform Random Walk on a Graph. Let G = (V, E)
be a simple graph without loops. For each z € V, we assume that
A, ={y eV :{x,y} € E} is finite: |A,| < co. Setting S =V, one
can define a transition matrix by

Qz,y) = {Alz vy e B, (4.1.3)

0 otherwise.
The simple random walk of the previous example is a particular case.

EXAMPLE 4.1.5. The Ehrenfest chain. Consider two urns with a total
of r balls. Each urn can be considered as a box with a certain number
of molecules, the total number of molecules being r. At each time step,
a ball is chosen at random (in either box) and its position switched to
the other box. Let X,, be the number of balls in the first box at time n.
Then (X,,),>0 is @ Markov Chain with state space S = {0,1,2,...,r}
and transition matrix () given by
Qe k+1) =% Qe k—1) :é,

r

and zero otherwise.

EXAMPLE 4.1.6. Birth and death chains. Consider S = {0,1,2,...}, in
which X, = x means that population at time n is x, and Q(z,y) > 0
only if |x —y| < 1. Therefore, the chain is determined by the transition
probabilities 7, = Q(z,x), ¢, = Q(z,x — 1) (clearly, ¢qo = 0), p, =
Q(x,z+1). See Figure 1.

To 1 T
'_ e
X
a1 4z

FIGURE 1. The birth and death chain.

EXAMPLE 4.1.7. Renewal chains. Consider S = {0,1,2,...} and a
sequence (pg)r>1 with >, pr, = 1. Then Q(0, k) = pg, and Q(k, k—1) =
1 for all £ > 2.
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EXAMPLE 4.1.8. The Branching Process was introduced by Galton and
Watson to understand extinction or survival of family names. Let

(Yk(n))nzo,kzl be an array of i.i.d. N-valued random variables, with
distribution p: P(Yk,(n) = j) = p(j) for all j > 1. Yk,(n) is the number
of children of the kth individual of the nth generation. Let X, := 1,
and define the total number of individuals of the n 4 1th generation:

Xn
Xoi1 =y V", (4.1.4)
k=1

Let us show that (X,,),>0 is a Markov chain with state space S =
{0,1,2,...}.

X,
P(Xpi1 =y Xy = ..., Xo = 0) = P(Y_ V" = y| X, = @, ..., Xo = 20)
k=1

— P(ZYk(n) = y) .
k=1

Since the variables Yk/,(n) are independent, the distribution of the sum

Tn

P Yk(n) is given by the convolution p % p* - -- % p (z, times), which
we denote by p**». This shows that (X,,),>0 is a Markov chain with
transition probability matrix given by

Qz,y)=p"(y) Vr,yeS (4.1.5)

It is well known that in the subcritical case, i.e. when \ := E[Yl(o)] <1,
the population dies out P-almost surely. In the supercritical case, i.e.
for A > 1, then the population explodes with positive probability.

We define the iterates of a transition matrix as follows: Q) = Q,
and for n > 2,
QU (w,2) =Y Q" V(x,y)Qy,2). (4.1.6)
yes

Clearly, each Q™ is well defined and is again a transition matrix. Let
us give an important equivalent characterization of Markov chains.

LEMMA 4.1.1. Let Q be a transition probability matriz. A sequence
(Xn)n>0 is a Markov chain with transition matriz Q if and only if for
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alln>1 and all xy,...,x, €S,

P(X() = Zo, ... 7Xn = .T}n> = P(X() = .T())Q(.T}o, .%’1) ce Q(.T}n_l, .Tn) .
(4.1.7)
In particular, if P(Xo = ) > 0, then
P(X, = y|Xo = z0) = Q" (x0,y). (4.1.8)
PROOF. Assume (X,,),>0 is a Markov chain with transition matrix
Q. If n =1, (4.1.7) is trivial. Indeed, if P(Xy = zp) = 0 then
P(X() = xO,X1 = .731) = 0 and so P(Xo = .T(),Xl = .%’1) = P(X() =
x0)Q(xo, x1). If P(Xo = xy) = 0 > 0 the same holds. So assume
that (4.1.7) holds for n. Again, if P(Xy = z¢,...,X;, = z,,) = 0
then P(Xy = 2¢,...,Xp41 = ope1) = 0 and the result follows. If
P(Xy==x,...,X,, =x,) >0 then
P(X() =Ty ..., Xn+1 = $n+1>
= P(Xn+1 = xn+1‘Xn = T, - - '7X0 = ZU())P(X() = Zo, - - -aXn = xn)
= P(Xn+1 = In+1‘Xn = CEn>P(X0 = Io)Q(iL"(), 331) c. Q(Infl, £L"n>
= P(Xo = 20)Q(xo, x1) ... Q(zp—1, Tpn) Q(Tp, Tpyi1)

which shows the validity of (4.1.7) for n + 1. For (4.1.8), use (4.1.7)
as follows:

P(X, =2, Xo=10)= » PXy=2,,Xp1=a51,..., X =)

TL1yeeer Tn—1

= P(Xo = o) Z Q(zo, 1) ... Q(Tp-1,Tn)

= P(Xo = 20)Q" (w0, z), (4.1.9)
which gives (4.1.8) if P(Xy = z¢) > 0. O
Observe that by (4.1.7), the transition matrix () completely specifies
the evolution of the chain, once the distribution of X, is known. Let
therefore p be a distribution on (S, P(S)). When the distribution of

Xy is given by p, we will denote the law of (X,,),>0 by P,. That is, by
(4.1.7),

P(Xo=1x0,..., X, =x,) = p(z0)Q(z0,21) ... Q(Tp—1, ) . (4.1.10)

When p is a Dirac mass, i.e. pu(z) = 1 for some z € S, we will write
P, rather than P,, and interpret x as being a deterministic initial
condition. For example, (4.1.8) gives

Po(Xo =) = QM (). (4.1.11)
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As can be easily verified, the measure P, can be reconstructed by
convex combination of the measures { P, },cs:

b= Z () Py
TES
We denote expectations with respect to P, by E,. We have

yes

=Y ™ (x,y)
yes
= Q" f(x), (4.1.12)
where for each n > 1, the function Q™ f : S — R is defined by
QU f(x) =) Q"(x,y)f(y). (4.1.13)

yes

(4.1.8) says that the distribution of X,,, conditionned on Xj, is given
by the nth iterate of (). This distribution can be written as P(X,, =
y|Xo = x9) = E[l{x,—y|Xo = x0]. Since we will also be interested
in functions depending on the process, of the form f : S — R, we
might therefore be interested in studying more general conditional
expectations of the form E[f(X,)|Xo = x].

LEMMA 4.1.2. Let (X,)n>1 be a Markov chain with transition matrix
Q. If f: 5 — R, then for alln >0,

E[f(Xn—i—l)an = Tp,..., X0 = 'IO] - Qf(xn) . (4'1'14)
More generally, for any set {iy,...,ix} C{1,2,...,n—1},

4.1.1. The Canonical Chain. Up to now the underlying proba-
bility space on which the chain is defined hasn’t had an important role,
but one should of course verify that at least one such space exists.

THEOREM 4.1.1. Let pu be a probability distribution on (S, P(S)) and
Q@ a transition probability matriz. Then there exists a probability space
(2,3, P)) and a sequence of S-valued random variables (X,)n>0 on
(Y, 3", P),) which form a Markov Chain with transition probability
matriz Q:

P(Xo=w0,..., Xn = 2) = pi(20)Q(20, 71) . .. Q(x0—1,2,) . (4.1.16)
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PROOF. By Theorem 3.1.1, one can construct simultaneously a fa-
mily of i.i.d. random variables (Y;,),>1 on the product space ) =
0, 1]N, with uniform distribution on [0, 1] with respect to the Lebes-
gue measure. €)' is endowed with the product o-algebra ¥ and P’ is
the product of Lebesgue measures. Let us enumerate S in an arbitrary
way: S = {y1, s, ... }. Fix some initial condition x € S. We define a
process (X7),>0 on (2, F, P') as follows. First, X := x. Then, we
need to define X7 in such a way that P'(X{ = yi| X = x) = Q(x, yx)
for all k > 1. Define, for all z € S,

(=) = 3 Q).

1<i<k

Observe that 0 < a1(2) < as(z) < --- < 1, and ax(z) — 1 when
k — oo. Then, set

X{ =y ifand onlyif i 1(z) <Y < ap(z).

Clearly, P'(XY = y| Xy = ) = P(og—1(2) <Y1 < ap(2)) = Q(, yp)-
For n > 2, X is defined by

Xr =y, ifandonlyif g 1(X) ) <Y, <ap(X; ;).

n

One then gets, by the independence and uniformity of the Y,;s,

P(X5 =yl X =2, .., X§ = 10) =
= P04 1(X2) < Y < ap(X2)|XT = 0, .., XE = 20)
= Pllag_1(z,) <Y, < ap(z))
= Q(@n, yr) , (4.1.17)

which shows that (X?),>o is a Markov chain with transition proba-
bility matrix () and initial condition x. One can obtain a chain with
initial distribution p by taking convex combinations. Write the pro-

cess constructed above (X,,),>0, and denote its law by P, in order to
have P/(Xo = z) = 1. Now define

P, = Z w(z) P
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Then, using Lemma 4.1.1,

P,Q(Xo =20, ..., Xy = Ty) = Zu(a:)Pé(Xo =20, ..., Xp = Tp)

xes
— Z () Lz Q(x0, 1) - .. Q(201, T1)
xes
= p(20)Q(x0, 71) - - - Q(Tp—1,Tn) ,
which is (4.1.16). =

As will become clearer in the sequel, the study of homogeneous Mar-
kov chains is greatly facilitated by the introduction of a certain time
translation operator on the process and of its random version, which
will lead to the proofs of all recurrence results of Section 4.3. In the
present section we construct a canonical space on which this operator
will be naturally defined.

Each realization w € 2 yields a sequence X;(w), Xo(w), ..., which we
call a trajectory of the chain. A natural candidate for the simplest
probability space describing an S-valued Markov Chain (X,,),>o is
therefore the space in which each element w is itself a trajectory, that
is, the elements of which are the sequences w = (wp,ws,...) where
each w, € S:

Q= §i0L2} (4.1.18)

For each k > 0, consider the coordinate map Xj : €2 — R defined by
Xi(w) := wg. The o-algebra F is defined as the smallest collection of
subsets of 2 for which each X} is measurable, that is F := o(Xj, k >
0). The o-algebra F can also be obtained by considering the o-algebra
generated by thin cylinders, i.e. subsets of ) of the form

[xo, 21, ..., xp) = {w € Q 1wy = zp,w1 =21, ..., Wy =T}, (4.1.19)

where xg,...,x, € S. The intersection of two thin cylinders is either
empty or is again a thin cylinder. The algebra of cylinders is obtained
by taking finite unions of thin cylinders, and is denoted €. Then
clearly, ¥ = o(C).

THEOREM 4.1.2. Let p be a probability distribution on (S, P(S)) and
Q@ be a transition probability matrix. Then there exists a unique pro-
bability measure P, on (2, F) such that on (Q,F, P,), the coordinate
maps (X,)n>1 form a Markov Chain with state space S, transition
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probability matriz Q, and wnitial distribution pu:
Pu(Xo = o, ..., Xn = 2p) = pw(@0)Q(w0, 1) - .. Q(T—1, 7). (4.1.20)

PRrOOF. Consider the probability space (€', 3, P}) constructed in
Theorem 4.1.1, together with the process constructed therein, which
we temporarily denote by (X/),>o in order to distinguish it from the
coordinate maps on ). Consider the map ¢ : @ — € defined by
oW, = X/ (W) for all n > 0.

LEMMA 4.1.3. ¢ is measurable: ¢~ 1(A) € F’ for all A € F.

PROOF. Let A :={A € F: o }(A) € F'}. Then A is a o-algebra.
Moreover, it contains all sets of the form X 1({z}), x € S, n > 0, since
o M (X, ({a}) = (Xaow) ' ({#}) = X', " ({a}) € F by definition (the
X', are random variables). Therefore, A = F. O

Since ¢ is measurable, we can define the image measure P, := Pliogpfl.
We have

Py Xo=x0,...,Xp =2n) = P(Xg=w0,..., X, = 1,)
= 1(20)Q (w0, 1) . . . Q(Tp—1,7n),

which shows that (X, ),>0 has the wanted properties. Regarding uniqueness,
assume P, is another measure also satisfying (4.1.20). But (4.1.20)
implies that P, and P, coincide on thin cylinders, and since these

generate &, they are equal. [
ALTERNATE PROOF OF THEOREM 4.1.2: Let [z, z1,. .., x| be any
thin cylinder and define
P([xo, 1, ..., x0]) = p(xg)Q(xo, 1) - . . Q(Tp—1, Ty) - (4.1.21)

We need to show that P extends uniquely to a probability on (£2,F)
and that under P. But this follows immediately from Kolmogorov’s
Extension Theorem 3.1.2. By (4.1.21), the coordinate maps (X,,),>0
clearly define a Markov chain with transition probability matrix ) and
initial distribution pu. [l

The following proposition shows that the canonical representation is
sufficient for the study of Markov chains, in the sense that one cannot
distinguish the distribution of the canonical chain from any other.

PROPOSITION 4.1.1. Let (Y,)n>0 be a Markov chain with initial dist-
ribution p and transition matrix ), constructed on some probability
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space (Q, F, P). Let (X,)n0 be the Canonical Markov chain with ini-
tial distribution p and transition matrix (), constructed on the product
space (2, F, P) as above. Then P is the image of P under the me-
asurable map ¢ : Q — Q defined by o(@) = (Yp(@))nso. That is,
P=Po oL

PrRoOOF. We already saw in Lemma 4.1.3 that ¢ is measurable. Now
for any thin cylinder [z, ..., x,],

Poo Yag,...,x)) = P(Yy=x,...,Y, = &)

= M(IO)Q(IO, 5131) T Q(ff?n—h xn)

Since thin cylinders generate F, this proves the proposition. (]

4.2. The Markov Property

The basic relation defining a Markov chain, (4.1.1), says that condi-
tionnally on a given past up to time n, Xy, Xy, ..., X, the distribution
of X,.1 depends only on X,,. Since this and time homogeneity suggest
a certain translation in time, the canonical space constructed in the
previous section appears well adapted to the precise formulation of
a more general version of this property: conditionnally on a given
past up to time n, Xy, Xi,...,X,, the distribution of the entire fu-
ture X, 11, X109, ... depends only on X,,. So from now on, the Markov
chain under consideration will always be considered as built on the ca-

nonical product space €2 defined in (4.1.18). Define the transformation
0 : Q) — Q, called the shift, by

O(w)y :=wpi1 Yn>0.

Since 671X, 1 ({z})) = X, 1, ({z}) € F, 0 is measurable. One can of
course iterate the shift: 6, := 6, and 6,1 :=0,, 0 0.

To use the language of conditional expectation, we encode the infor-
mation contained in the past of n, Xy, X1,..., X, in the o-algebra
S'rn = O'(Xo,Xl, - 7Xn>

THEOREM 4.2.1 (Simple Markov Property). Let € S, and n > 1.
Let o : Q0 — R be bounded, positive and F,-measurable. Then for all
bounded, positive, measurable 1 : ) — R,

Ex[QO ) ¢ © en] - Ex[gp ) EXn(¢)] : (4'2'1)
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In the right-hand side of (4.2.1) appears the random variable Ex, (),
which is just E,(v) evaluated at X,, !. Observe that by taking ¢ = 1,4
for each A € F,,, (4.2.1) is equivalent to the P,-almost sure statement

E.[6 0 6,/%,] = Ex,[¢]. (4.2.2)

PROOF. We first consider the case where ¢ and v are indicators
of thin cylinders: ¢ = 1¢, with C' = [zg,...,2,], ¥ = 1p with D =
[Y0, - - -, yp]. We have

Ex, [ = > w(af,....2))Px,(Xo=af,..., X, = 1))

= 1{Xn=y0}Q(y07 yl) s Q(yp*h yp) )

which leads to

Ex[@EXn(¢)] - 1{,@0:,@}@(3;07 51)'1) . Q(xnfla xn)l{xn:yo}Q(y()a yl) cee Q(ypfla yp) .

On the other hand,

EJI[QO ) ¢ © Qn] = Eﬂ@[l{Xo:ﬂCo} s 1{Xn:$n}1{Xn:yo}1{Xn+1:y1} T 1{Xn+p:yp}]
= Pw(XO = 0,. . Xn = .Tn,Xn - y())Xn—i-l = Y1, -. -7Xn+p - yp)

= Uuo=a} @ (0, 71) - - - Q(Tr—1, 0 ) L {2, =gy @ (W0, Y1) - - Q(Yp—1, Up) ,

which shows (4.2.1) in the particular case. We then show that for the
same ¢, (4.2.1) holds also in the case where ¢ = 14, where A € F.
Consider the class A = {A € F: E,[p-1400,] = E,[¢-Ex, (14)]}. We
know that A contains all thin cylinders, and therefore all cylinders by
summation. It is then easy to verify that A is a Dynkin system, and
so A = JF by Theorem B.0.1. Now, the extension to arbitrary boun-
ded positive functions follows by uniform approximation by simple
functions. O]

A simple application of the Markov Property is the following identity,
known as the Chapman-Kolmogorov Equation:

P, ( m-+n — y ZP (Xn = y) . (4'2'3>

z€S

1Observe here that z +— E; (1) is P(S)-measurable, and that w — Ex, (,,)(¢) is a random variable.
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Namely, one can write P,(Xy1n = y) = Ey[Ey(1x,,,,—y|Tm)], and then
EoEa(1%,4,=y|Fm)] = Eu[Ea(1x,=y © O |Tm)]

= E.|Ex,(1x, = y)]

zeS

The reader should convince himself that any other proof of (4.2.3) will
necessary end up requiring one or another form of the Simple Markov
Property.

The Markov Property deserves an extension to the case there the time
n is replaced by a random time 7. The reason is the following. Sup-
pose we are interested in the following question: if the chain returns
back to its starting point with probability one, is it true that it will
do so an infinite number of times? This seems clear since at the time
of first return, the chain is back at its original position and therefore
by the Markov Property the probability of coming back a second time
is again one, and so on. Nevertheless, the times at which the chain
returns to its starting point are random, and the simple Markov Pro-
perty can’t be used in its actual form.

Random times are usually called stopping times. We will define them
here in the framework of Markov chains; in Section 5 these will be used
extensively in the chapter on martingales. A stopping time satisfies
a list of properties which we first illustrate on a simple example. Let
(X,)n>0 be the random walk on the integers with initial condition
Xo = 0. Considering n as a parameter describing time, an example of
a random time is the first return of the walk to the origin, which we
already encountered in Section 2:

Ty :=inf{n >1: X, =0}. (4.2.5)

If the walk never returns to the origin, i.e. {n >1: X, =0} =0, we
set Ty = o0o. So T is a random variable taking values in {1,2,...} U
{oo}. Moreover, the event {Ty = n} is insensitive to the change of
any of the variables X for & > n. This is made clear by noting
that {Ty = n} ={X1 #0,...,X,,-1 # 0,X,, = 0}. In other words,
{10 = n} is F,-measurable, where F,, = o( Xy, X1, ..., X,). We call the
sequence (F,),>o the natural filtration associated to the chain (X,),>o.
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Clearly, &, C F,, 11 for all n > 0. The natural filtration can be defined
for any random process.

DEFINITION 4.2.1. Consider the natural filtration (F,),>0 associated
to a Markov chain (X,)n>0. A stopping time is a {1,2,...} U {oc0}-
valued random variable T' such that for allmn >0, {T =n} € F,.

In the Simple Markov Property, we considered a Markov chain at a
fixed time n, conditionned with respect to &,. We now want to consi-
der the same chain at a random time 7', and condition with respect to
the o-algebra which contains events that depend only on what happe-
ned before T'. Since it doesn’t make sense to write “o (X, X1, ..., X71)”,
we say that A € Fp if each time T' < n then A € &F,,. So define the
stopped o-algebra generated by T

Fr={AecF: An{T <n} € F,Vn>0}. (4.2.6)

Fot example, {T' < oo} € Fp. It can be easily verified that Fp is a
o-algebra (see Exercise 4.12). The position of a Markov chain at time
T is naturally defined by the random variable

 Xu(w) i T(w) =mn,
Xr(w) = {“0” if T'(w) =0,

where “0” is any fixed point of S. We also define 6, := id. We are
now ready to move on to the study of the Markov Property when the
conditionning is done with respect to the past of a random stopping
time.

THEOREM 4.2.2 (Strong Markov Property). Let € S. Let T be a
stopping time adapted to the natural filtration (F,)n>0. Let ¢ : Q@ — R
be bounded, positive and Fp-measurable. Then for all bounded, posi-
tive, measurable 1) : 2 — R,

B [lircsy -0 -0 br] = Ex[lireney - ¢ - Ex, (V)] (4.2.7)
In particular, if P.(T < oco) =1, then
Elp - obr| = Elp- Ex,(¢)]. (4.2.8)

The analogue of (4.2.2) for random times reads

Ex[l{T«)o} . ¢ o 0T|?T] = 1{T<oo}EXT [77/1] Px—a.s. (4.2.9)
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PROOF. The proof follows by writing {T" < oo} = J,-o1T = n}.
Then, since 1yr—,) - ¢ is F-measurable, by the Simple Markov Pro-

perty,
Ex[l{T:n} 2 ¢ o QT] — Ez[l{T:n} 2 ¢ © en]
= Ey[lir=n) - ¢ Ex,(¥)]
= Eu[lir—ny - ¢ - Ex, (V)]

Summing over n gives (4.2.7). O

4.3. Recurrence and Classification

We now consider the recurrence problem mentionned before in the
case of the random walk: when does a Markov chain come back to its
starting point? As before, we will always consider the canonical chain
constructed on the product space Q = S101.2-1},

Two random variables are relevant in the study of recurrence. For
each x € S, the first visit at x is defined by

T, =inf{n >1: X, =x}, (4.3.1)

where we set T, := oo if {n > 1: X,, = 2} = (). Observe that T, is a
stopping time since {7, > n} ={X; # z,..., X, # x} € F,. On the
other hand, the number of visits at site x is defined by

Ny = 1{x,—a}- (4.3.2)

n>1

Clearly, N, > 1 if and only if T, < 0o, and so P,(N, > 1) = P.(T, <
o0). A cornerstone in the study of recurrence for Markov chains is a
generalization to the situation where N, > k.

LEMMA 4.3.1. Let x,y € S, k > 1. Then
P.(N, > k) = P,(T, < 00)P,(N, > k—1). (4.3.3)
In particular, P,(N, > k) = P,(T, < oo)*L.

PRrROOF. Observe that N, = N, o 01, + 1. Therefore, N, > k + 1 if
and only if 7)) < oo and N, o 0y, > k:

Po(N, > k+1) = P,(T, < 00, N o 07, > k)
= Eull{r,<o0p - 1w,z 0 01,] -
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By the Strong Markov Property (with ¢ = 1) and since X7, = y,
Ex[l{Ty<oo} ' 1{Ny2k} © eTy] - Eac[l{Ty<oo} ' EXTy[l{Nka}”

= B 11 <00} Ey[1in,>1}]
= P(T, < 0)P,(N, > k). (4.34)

The second affirmation follows from the first by induction. ]

As an immediate corollary, we obtain the following formula:

1 1
E,. N, = E. N, > k| = = :
[N ; | =T <) " BT = o)
B (4.3.5)
This formula makes sense also when P,(T, = co) = 0, in which case

E.[N;] = 0.
DEFINITION 4.3.1. A point x € S is called

o recurrent if P,(T, < o0) =1,
e transient if P,(T, < 0o) < 1.

PROPOSITION 4.3.1. Let x € S. Then

(1) x is recurrent if and only if P,(N, = 00) =1,
(2) x is transient if and only if P,(N, = oo) = 0.

PROOF. Assume z is recurrent. Then since {N, > k} \, {N, =
+oo}, and since P.(N, > k) = 1 by the previous lemma, we have
P,(N, = 0o0) = 1. Conversely, if P,(N, = 0co) =1 then P,(N, > k) =
1 for all £ > 1, which implies P,(7T, < co) = 1 by the previous lemma:
x is recurrent 2. If x is transient then P,(T), < oo) < 1, and by Lemma
4.3.1, Po(N, = 00) = limy_oo Po(N, > k) = 0. O

Observe that { IV, = oo} is a tail event, and we have proved that with
respect to P, its probability is either 0 (when x is transient) or 1
(when x is recurrent). Nevertheless, we have not yet proved a 0-1 Law
for Markov chains.

The goal of the rest of this section is to study the partition of S into
recurrent and transient states. Comparison of recurrence properties
of different points x, y, will be done by studying the expected number
of visits at y when started from x:

u(z,y) = E,[N,]. (4.3.6)

2Observag,zio feita pela Luciana, abril 2008.
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LEMMA 4.3.2. For any z,y € S,

(2) x is recurrent if and only if u(x, x) = cc.
(3) If x £y, then

u(z,y) = Pp(T, < o0)u(y,y) . (4.3.7)

Each of these properties is intuitive: together, (1) and (2) give a com-
putable criterium for verifying whether a point is recurrent, which will
be used repeatedly in the sequel (in particular for random walks, in
Section 4.3.2). The identity (4.3.7) gives a simple way of comparing
recurrence properties of different points.

PROOF OF LEMMA 4.3.2. (1) follows by the definition of N, and
(4.1.8), (2) was shown in (4.3.5). For (3), we use the Strong Markov
Property. Since N, = 0 on {7}, = oo},

B[Ny = B[Ny, T, < o0] = Eu[lir,<c0} - Ny 0 01, ]
= Ew[l{Ty<00} ) Ey[NyH
=P,

(Ty < 00)Ey[N,],
which is (4.3.7). O

“Recurrence is contagious”, as seen hereafter.

LEMMA 4.3.3. Let x be recurrent, and y # x. If u(z,y) > 0, then
P,(T, < o0) =1, u(y,x) >0, y is recurrent and P,(T, < oo) = 1. If
y 1s transient, then u(zx,y) = 0.

PROOF. Since z is recurrent, P,(NN, = 0o) = 1 (Proposition 4.3.1),
and so

= P,(T, < 00)Py(T, = o0) . (4.3.8)

Since u(z,y) > 0, there exists n > 1 such that QU (x,y) > 0, which
implies P,(T, < c0) > Q™ (z,y) > 0. (4.3.8) thus gives P,(T, =
o00) =0, i.e. Py(T, < oco) = 1. By (4.3.7), we obtain u(y, x) = P,(T, <
oo)u(x, ) = oo > 0. Since u(y,x) > 0, there exists m > 1 such that
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Q(m)(y,x) > (0. Then, for all p > 0, by the Chapman-Kolmogorov
Equation,

QU™ (y, ) > Q" (y, 2)QW(z, x)Q" (2, y)

and so

uy.y) = Y- QU y,y) = Q)| 3 QW 2)| Q) (w,y) = oo,

p=>0 p=>0

which implies that y is recurrent. Proceeding as above from y to x
gives P,(T, < oo) = 1. The last claim is then obvious. O

As an application, consider the simple random walk on Z with 0 < p <
1. Let z,y € S, x <. Then u(z,y) > QW " (x,y) > p!* > 0. Simi-
larly, u(y, ) > ¢~ > 0. Therefore, all points are either recurrent, or
transient. It is thus sufficient to consider the recurrence properties of
the origin. By Theorem 2.1.1, we have that all points are recurrent if
p= %, transient otherwise.

Going back to the general case, let us write .S as a disjoint union RUT,
where R are the recurrent points and T are the transient points. De-
fine the following relation on R: = ~ y if and only if u(z,y) > 0. Then
obviously x ~ z, and Lemma 4.3.3 shows that ~ is reflexive: z ~ y
implies y ~ x. On the other hand, Then, if x ~ y then there exists
n > 1 with Q™ (x,y) > 0, if y ~ z then there exists m > 1 with
Q" (y,z) > 0, and so QU™ (z,2) > 0, i.e.  ~ 2z That is, ~ is
an equivalence relation, and we can consider the partition of R into
equivalence classes. Since R is countable, this partition also is, and we
denote it by R = [J,;5; R;. Each R; is called a recurrence class.

The Classification Theorem hereafter proves the following intuitive pro-
perties: the chain started at x € R; stays in R; forever and visits any
other y € R; an infinite number of times. The chain started at x € T
either never visits R and visits any transient point a finite number
of times, or eventually enters a recurrence class R; and stays there
forever.

THEOREM 4.3.1. The decomposition S = TU Uj21 R; has the following
properties:

(1) If x € R; then, P,-almost surely, N, = oo for all y € R; and
Ny, =0 for all y € S\R;.
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(2) If x € T and Ty := inf{n > 1 : X,, € R} then, P,-almost
surely,
(a) either Ty = oo and then N, < oo for ally € S,

(b) or Ty < oo and there exists a random j > 1 such that
X, € R for alln > Tx.

PROOF. (1) Let x € R;. Then E,(N,) = u(z,y) =0forally € T
by Lemma 4.3.3, and for all y € R; (i # j) by definition. Therefore,
N, =0 Py-as. for all y € S\R;. If y € R;, then by taking k¥ — oo in
Lemma 4.3.1, we get

Py(N, = 00) = P,(T, < 00)P,(N, = 00) . (4.3.9)

But P,(7T, < oo) = 1 by Lemma 4.3.3, and P,(N, = o0) = 1 by
Proposition 4.3.1. Therefore, N, = co P,-a.s.
(2) Let « € 7. We first show (2a), which means

Px(TgR = OO) = Pz(ng = 00, Ny < ooVy € T) . (4.3.10)
Since
Py(Ty = 00, N, < 00y € T) = P,(Tk = 00)~ P, ({T = o0} J{NV, = o0})
yeT

it suffices to notice that for each y € T,
P.(Tg = 00, Ny = 00) < Py(N, = 00),

which is zero since y is transient (use (4.3.9) and Proposition 4.3.1).
This proves (4.3.10). Then we show (2b), which means

P,(Tg < 0) = P,(Tg < 00,35 > 1s.t. X,, € R;jVn >1Ty). (4.3.11)
Since the recurrence classes R; are disjoint, we can compute
P (Tg < 00, X,y € RjVn > Tr) = Ep[l{my<ccy - Lix,e®,vn=0} © O1%]

= B [1{rp<o0) - PXTR(XH e R;Vn > 0)]

But clearly, PXTjQ (Xn c iR]\V/TL > 0) =1if Xng c iRj, 0 if XT{R g iRj.
Therefore, the right hand side of (4.3.11) equals

S Bullrcncy - P (X0 € R0 > 0)] = B[y 3 T en1]
j=1 Jz1

= Ex[l{Tjg<OO}]

= x(TgR < OO) .
We have used the fact that } .~ 1ix, ex;) = Lixg,exy =1 on {Ix <
oo}. This finishes the proof of the theorem. 0l
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4.3.1. Irreducibility. The Classification Theorem shows that the
long time evolution of a Markov chain depends on how the state space
S splits into equivalence classes, via the use of the function u. It is
natural to consider the case in which the chain has a single class.

DEFINITION 4.3.2. A chain is called irreducible if u(x,y) > 0 for all
x,yes.

An equivalent definition of irreducibility is: for all x,y € S, there
exists an n > 1 such that QU (z,y) > 0. As seen hereafter, in an
irreducible chain, all the points are of the same type.

THEOREM 4.3.2. Let the chain be irreducible. Then

(1) either all the points are recurrent, there exists a single recur-
rence class S = Ry, and P,(N, =ooVy € S) =1 forallxz € S,

(2) or all states are transient, S =T, and P,(N, < coVy € §) =1
forallxz € S.

When S is finite, only the first case can happen.

PROOF. (1) If there is a recurrent point, then by the irreducibility
hypothesis and Lemma 4.3.3, all points are recurrent, and clearly there
can exist only one recurrence class. The statement, as well as (2),
follow from Theorem 4.3.1. For the last statement, assume |S| < oc.
If some z € S were transient, then by (2), we would have, P,-a.s.,
N, < oo for all y € S. In particular, >, 4N, < oco. But this is
absurd since

Z Ny = Z Z L=y = Z Z Lix,=y) = 00.

yes yesS n>0 n>0 yeS

(Indeed, for each n >0, >° s 1(x,= = 1.) O

yeS

Before going further and introduce invariant measures, we apply these
results to the study of recurrence of random walks on Z<.

4.3.2. The Simple Symmetric Random Walk on Z?. The
simple random walk on Z? was introduced in Example 4.1.3: S, =
> n_, Xk, where Sy = 0 and the variables X} are Z%-valued, i.i.d., with
distribution p defined in (4.1.2). We denote the probability describing
the walk by P (rather than P,). Clearly, the chain is irreducible. By
Theorem 4.3.2, the points are either all recurrent, or all transient. It
is thus enough to consider the origin, whose time of first return is
denoted Tp. The random walk is recurrent if P(7) < oo) = 1, and
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transient otherwise (i.e. if P(7Tj < oo) < 1). The main result for the
simple random walk is the following.

THEOREM 4.3.3. The simple symmetric random walk is recurrent for
d=1,2, and transient for d > 3.

Since Q™ (0,0) = P(S, = 0), which is zero when n is odd, Lemma
4.3.2 gives the following criterium for recurrence.

The walk is recurrent < Z P(Sy, =0) =00, (4.3.12)
n>1
Recurrence for d = 1,2 will be obtained with the following property
of symmetric random walks.

LEMMA 4.3.4. If the walk is symmetric, then
P(S2, =0) = sup P(Sy, = 2) . (4.3.13)

z€Z4

PrOOF. We sum over the position at the nth step and use inde-
pendence:

P(Sy, =2) = Z P(S, =y, Sop = 2)

yEZ

= ZP(Sn:y,Sgn—Sn:z—y)
yeZd

=Y P(Sa=y)P(Sy=2z—-1y). (4.3.14)
yeZd

By the Cauchy-Schwartz Inequality and a change of variable,

5 . s -0 < [ P50 [ 5 7]

yeL yezd yeZl
= P(S.=y)’.
yeZa
Now if the walk is symmetric then P(S, = y) = P(S, = —y), and so
using again (4.3.14) with z = 0, we get
Y P(Sy=y)’ =) _ P(Sy=y)P(Sy=—y) = P(Ssn =0),
yeZd yeZd

which proves the claim. [l

Below, || - || denotes Euclidian distance in Z,



4.3. RECURRENCE AND CLASSIFICATION 67

PROOF OF THEOREM 4.3.3: First consider d = 1: by Lemma 4.3.4,

I= Y P(Su=y) < (4n+1)P(Ss, =0),

YyeZ:|lyl<2n

which gives P(Sy, = 0) > (4n + 1)~ By (4.3.12), the walk is re-
current. For d = 2, we proceed in the same way. A straightforward
computation using independence of the Xjs yields E[|S2,[/?] = 2n.
By the Chebychev Inequality,

EllSnl?] _ 1

< = —.
P(So]| > 2/m) < ZH20H

One can thus proceed as before and obtain

S P(ISul <2 = Y (S =) < (8L P(Sy =0).
yeL*||yl|<2v/n

By (4.3.12), the walk is recurrent. For d = 3, we need an upper bound.
Let n; > 0, i € {1,2,3}, be the number of positive steps done along
the direction e;. To be back at the origin after 2n steps, we must
choose a triple (n1, no, n3) satisfying n; +ns+mns = n, and then choose
a path which contains, for each ¢ = 1,2, 3, n; steps along +e;, and n;
steps along —e;. There are

2n B (2n)
niny ng ng n3 ny) (n1!nglng!)?
ways of doing so. Since each path has probability (%) ,

P(Syy = 0) = Z (2n)! 1

(?’Ll!ng!ng!)Q 62n
(nlan25n3):

n1+ng+nz=n

22\ p nilns!(n — ny —ng)! 37

2

(n1,n2):
0<ni+n2<n
1 (2n n! 1
< — ma, —. (4.3.15
— 22n ( n ) (nl,nz(): nilng!(n —ny —ny)! 37 ( )
0<ni+n2<n

We have used the fact that the numbers in the brackets add up to one.

LEMMA 4.3.5. There exists C' > 0 such that

n!
<

3|Q

1
— 4.3.16
(TIL?,%?): nilng!(n —ny —ny)! 37 ( )

0<n;+n2<n
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PROOF. As can be easily verified, the denominator in (4.3.16) dec-
reases when the difference between the three numbers ny, no, n—n;—no
is reduced. One can therefore bound the maximum over all triples in
which each term lies within distance at most one from ¢. This implies
that for large n, the Stirling Formula can be used for each of the terms
apearing in the ratio, which proves the lemma. [l

Using the lemma and again the Stirling Formula for the first term in
(4.3.15),

P(Sy, =0) <

Tl O

With (4.3.12), we conclude that the simple random walk on Z? is
transient. The proof that the walk is transient in higher dimensions
is left as an exercise. O]

Observe that all the estimates we have obtained above for P(S,, = 0)
follow from a more general Local Limit Theorem, valid in all dimension
(see Exercise 4.19):

1

P(S%:O)NW.

4.4. Equilibrium: Stationary Distributions

Theorems (4.3.1) and 4.3.2 give a first general picture of what the
asymptotic behaviour of a Markov chain looks like: starting from an
arbitrary point z, it either falls into one of the recurrence classes R;, or
remains transient forever. Our next objective is to take a closer look
at what can happen in each of these cases. More precisely, we will look
at things such at the average time spent by the chain at each point
x € S, leading to the natural notion of invariant measure. Before
this we to introduce some notations for probability distributions on

(5, P(5)).

4.4.1. Invariant Measures. Let p be a measure on (S5, P(5)), i.e.
a collection of non-negative numbers ((z)),cs. To avoid misleading
it with £, which acts on random variables living in another space,
we denote the expectation, with respect to u, of a positive bounded
measurable function f : S — R by either of the symbols
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It is sometimes useful to think of functions f : S — R as column
vectors and of measures p on S as row vectors. The expectation u(f)
can then be naturally written as an inner product:

(fomy = plx)f(x).
TeS

If ) is a transition probability matrix, we define a new measure u()

by
pQ(x) = u(y)Q(y, x) . (4.4.1)

yes
Remembering (4.1.13):

QU f(x):==> Q" (z,y)f(y). (44.2)

yes

we have the following identity:

(f;nQ) = (QFf, 1) -

It does then make sense to say that () act from the left on functions and
from the right on measures. If p is a probability (i.e. > p(x) = 1),
then p(@) is again a probability. Going back to Markov chains: if pu
is the probability distribution of Xy for the Markov chain (X,,),>0
whose transition matrix is @, i.e. P,(Xo = ) = p(z), then p@ is the
distribution of X;. Indeed, by Lemma 4.1.1,

P(Xi=2)=) P(Xi=2Xo=y) =) py)Qy,z)=pQx).
yes yes
Similarly, the distribution of X, is given by pQ®™:
Pu(Xn =) = pQ™ (x) .

We see that understanding the large-n-behaviour of the chain goes
through the study of the limits

m(z) := lim pQ™ (). (4.4.3)
Giving a meaning to (4.4.3), conditions under which this limit exists,
and its possible independence of u, will be done in details later.

There is also a formula for the expectation of f(X,) with respect to
E,:

Eu(f(X) =Y Pu(X, =) f(z) = nQ"(f) . (4.4.4)

reS
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(4.4.4) says that the expectation of an observable made on the evolu-
tion can be obtained by an expectation of this observable over S with
respect to the measure u@Q™. Observe that uQ™ (f) = (f, nQ™) =
QM f. 1) = n(QU ). To motivate the following definition, assume
for a while that the limit defining 7 in (4.4.3) exists for all z € S.
Then for all bounded f,

(f,mQ) = (Qf m) = lim (Qf, pQ™) = lim (f, pQ"*Y) = (f,7).
which implies that 7¢) = m. This motivates the following definition.

DEFINITION 4.4.1. Let () be a transition matrix, | a measure on
(5, P(5)). If

pe = p, (4.4.5)
then  1s called invariant with respect to ().

(4.4.5) is sometimes called the balance relation. Consider the random
walk of Example 4.1.3, with Q(z,y) = p(y — ). Then the counting
measure (u(x) = 1 for all x) is invariant:

pQx) =Y Qy,z) =Y ply—z)=1=p(x).

yes yes

By induction we see that if y is invariant, then Q™ = p for alln > 1.
Moreover, when the initial distribution p of a Markov chain (X,),>0
with transition matrix @) is invariant under (), then X, has the same
distribution as Xy. Namely, by (4.4.4),

Eu(f(X0) = pQ"(f) = p(f) = Eu(f(X0)).-
In such a case, i.e. when the distribution of the chain is insensitive
to the evolution under the transition matrix (), we say that X, is at
equilibirum for all n > 1. Invariant measures will play an important
role in the study of the asymptotics of the chain.

We will first be interested in the existence of invariant measures, then
of invariant probability measures, and then we shall move on to the
study of the existence of the limits (4.4.3).

4.4.2. Existence of Invariant Measures. Finding an invariant
measure means, for the time being, solving a system of equations for
(1(2))zes:

pa) =) uyQy.z) Vres.

yes
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DEFINITION 4.4.2. A measure  is reversible (with respect to Q) if

w(@)Q(z,y) = wy)Qy,r) Va,ye€S. (4.4.6)

The set relations (4.4.6) are sometimes called the relation of detailed
balance, since it is stronger than (4.4.5). Observe that if p is reversible,
then for all x € S,

pQ(x) =Y QY. z) =Y wx)Q(z,y) = u(x).

yeS yeSs
We have thus shown

LEMMA 4.4.1. If u us reversible, then it is invariant.

This result gives an easy way of finding invariant measures. For
example, consider the uniform random walk on the graph, introdu-

ced in Example 4.1.4. Then the measure p(x) := |A,| is invariant.
Namely, if {z,y} € F,

1 1
w2)Q(z,y) = [Asl 7 = 1= [Ay [ = n(y)Q(y. ).
| Ae |4y
Another example is the simple random walk on Z with Q(z,z+ 1) =
p < 1. It easy to verify, using the above criterium, that the measure

p T
= (—— Vo € Z
is invariant. Observe that p(z) is bounded if and only if p = 3. When
p > % (resp. p < %), then p gives unbounded weight to points far to
the right (resp. left), which reflects the transience of the walk. As

an exercise, the reader can also compute an invariant measure for the
Ehrenfest Model of Example 4.1.5 (Exercise 4.24).

The following result shows that the existence of at least one recurrent
point x guarantees the existence of an invariant measure.

THEOREM 4.4.1. Let x € S be recurrent. For ally € S, define

T,—1
voly) = E[ 3 1{Xk:y}} = E,[N,, T, < T3] (4.4.7)
k=0



72 4. MARKOV CHAINS

Then v, is an invariant measure 3. Moreover, v,(y) > 0 if and only

if y belongs to the recurrence class of x. Finally, v,(y) < oo for all
yeSs.

PRrROOF. Observe that v,(z) = E,(1) = 1. We compute, for all
z €S,

Zuw(y)Q(y, ZZE Lkl x=n] @Y, 2)

yes yeS k>0

=3 N Bl e xa=s] - (448)
yeS k>0

= Z B[k xi=2)] -
k>0
This identity (4.4.8) is justified by observing that, since 17,1 1(x,=y)
is Fp-measurable, the Markov Property at time k gives
Eu[Lpery Yximp Lixin=2] = Bellpen) Liximy Lixi=2) 0 O]
= E[1pperylixe=n Ex, [ 1{x,=2]]
= Ex[l{k<Tw}1{Xk=y}Ey[1{X1=Z}H

= Ex[l{k<Tl}1{Xk=y}]Q(y7 Z) .

Now, if z # x, then clearly 1{k<Tz}1{X;€+1=z} = 1{I<:+1<Tw}1{Xk+1=z}> and
SO

va(y)Q( ZE 1<) x=2y = [Z Lixy= z}]

yes k>0

On the other hand, when z = x, then E, 1<) 1(x,, =2} = Po(Th =
k + 1), and so, since x is recurrent,

Y W)Qy,x) =Y Po(Ty=k+1) = Py(T, < 00) = 1 = v,(x).
yes k>0

This proves that v, is invariant. Then, if y belongs to the recurrence
class of z, there exists some m > 1 such that Q™ (z,y) > 0, and so

vy (y) = va(z)Q(m)(z,y) = Vw(x)Q(m(x,y) > 0.
z€S

On the other hand, if y is not in the recurrence class of z, then N, = 0
Le. lyx,—pp = 0 for all & > 0 Py-a.s. by Theorem 4.3.1, and so

3To see that v, is not completely trivial, i.e. that v,(y) < oo for all y € S, see [R.88] p. 301. of
Neveu p. 50.

va(2).
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vz(y) = 0. To show that v,(y) is finite, observe that invariance of v,
implies that v, = 1,Q"™ for all n > 1. In particular,

1= v,(z) = 1.Q"(z) > v,(1)Q"(y,2) Wy e S,

which implies v,(y) < oo if n > 1 is such that Q™ (y,z) > 0. But this
is true for at least one n when y belongs to the recurrence class of x.
If y is not in the recurrence class of z, we have v,(y) = 0 < 0o, as seen
above. [

Observe that if there is more than one recurrence class, then the the-
orem above allows to construct invariant measures with disjoint sup-
ports.

THEOREM 4.4.2. Let the chain be irreducible and all points be recur-
rent. Then the invariant measure (which exists by Theorem 4.4.1) is
unique, up to a multiplicative constant.

PRrOOF. Let x € S and consider the invariant measure v, of Theo-
rem 4.4.1. We will show that for any other invariant measure pu,

p(y) = p@)ve(y) Yy e S. (4.4.9)

Assume for a while that this is true. We have, for all n > 1,

ple) = 3 Q" (5.2) 2 37 pa)a(5)Q" (2, 2) = ple)

zeS zeS
which gives

> lulz) = pla)ve(2))Q" (2, ) = 0.

zeS

Therefore, 1u(z) = pu(x)v,(2) each time Q™ (2, z) > 0 for some n > 1.
But this is guaranteed by the irreducibility of the chain. Therefore,
i = cvy, with ¢ = p(x), proving the theorem. To obtain (4.4.9), we
will show, by induction on p > 0, that (a A b := min{a, b})

pA (T —1)
OGRS (4.4.10)
k=0

From this, (4.4.9) follows by taking p — oo. The inequality (4.4.10) is
an equality when y = x, so we may always consider y # x. For p = 0,
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the inequality is trivial. Assuming (4.4.10) holds for p,

PA(Ty—1)
:Zﬂ(z) z y >,LL ZE [ Z 1{X;€:z}}Q(Zay)

zeS z€S

= M(-%’) Z Z Eac[1{I<:<TZ}1{Xk=z}1{Xk+1=y}]
z€S k=0
(4.4.11)

p
513) Z E, [1{I<:<Tz} 1{Xk+1:y}]
k=0

In (4.4.11) we used the Markov Property, as in the proof of Theorem
4.4.1. Now, since y # ,

p p
Z Elerylix=p] = Z B [1i1<m 1 X=y))
k=0 k=0

p+1 (p+ 1A (T—1)

- Z Ep[luery =y = EJU[ Z 1{Xl:y}} '

=1 =0

This proves (4.4.10) for p + 1. O

Now that the existence and uniqueness of invariant measures is sett-
led, we turn to the problem of determining whether there exist finite
measures, i.e. for which p(S) < oo, or, which is equivalent, to finding
probability distributions on S invariant under ¢). This will require
a further distinction among recurrent points. Before this, we give a
simple result showing that invariant probability measures concentrate
on recurrent points. From now on, invariant probability measures will
be denoted by 7.

LEMMA 4.4.2. Assume there exists an invariant probability w, then
each point x € S with w(x) > 0 is recurrent.

PROOF. Since 7 is invariant we have 7Q" = 7 for all n > 1.
Assume 7(x) > 0. Then, using Fubini’s Theorem and recalling the
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definition (4.3.6),
o= 7x)=> Y 7Q"(y.x) <Y wyuly,r) < u(z,z).

n>1 n>1 yes yes
We used (3) of Lemma 4.3.2 and the fact that 7 is a probability. By
(2) of the same lemma, we conclude that z is recurrent. U

PROPOSITION 4.4.1. If the chain is irreducible and if there exists an
wvariant probability w, then it has the form

Vo eS. (4.4.12)

PROOF. If there exists an invariant probability, then all points are
recurrent. Indeed, if there existed a transient point then all points
would be transient (since the chain is irreducible), and so w(z) = 0 for
all x by Lemma 4.4.2, a contradiction. We choose any x € S and show
that m(z) has the form (4.4.12). By Theorem 4.4.1 there exists an
invariant measure v,, given in (4.4.7). By Theorem 4.4.2 the invariant
measure is unique up to a multiplicative constant. Therefore, if there
exists an invariant probability m, then the total mass of v, must be
finite, 1/,(S) < oo, and 7 have the form 7 = (5~ But

va(S) =Y uly) = Es [Tz:_l > 1{Xky}} = L(T3) .

yes k=0 yeSs

~—

In particular, m(z) = E”:((;j) =5 (1Tz)‘ This shows the theorem. O

The previous result shows that for an invariant measure to exist, one
must have E,(T,) < oo for all recurrent point x. This leads to the
following distinction among recurrent points.

DEFINITION 4.4.3. A recurrent point x € S is called

e positive-recurrent if F,(T,) < oo,
e null-recurrent if E,(T,) = oc.

For example, the simple symmetric random walk on 7Z is recurrent,
but null-recurrent, as we saw in Theorem 2.1.1. Positive recurrence
is a class property: points belonging to the same recurrence class are
either all positive-recurrent, or all null-recurrent.

LEMMA 4.4.3. Let the chain be irreducible. Then the following are
equivalent.
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(1) There exists one positive-recurrent point x € S.
(2) There exists an invariant probability .
(3) All points x € S are positive-recurrent.

PROOF. (1) implies (2): Assume x € S is positive-recurrent. Con-
sider the invariant measure v,. Then v,(S) = E.[T,] < oo, and so
7 := v,(S) 1y, is an invariant probability. (2) implies (3): As we saw
in Lemma 4.4.2, the existence of an invariant probability implies that
m(z) > 0 for all z. But n(z) = E,[T,]"! by Proposition 4.4.1, and so
E.[T,] < co. (3) implies (1) trivially. O

We gather the results about invariant for irreducible chains in a theo-
rem.

THEOREM 4.4.3. Let the chain be irreducible and all points be recur-
rent. Then

(1) either each point is positive-recurrent, and there ezists a unique
invariant probability measure 7w, w(S) =1, given by

Vo e s, (4.4.13)

(2) or each point is null-recurrent, and any invariant measure p
has infinite mass (1(S) = 0o).

4.5. Approach to Equilibrium

We now turn to the study of how equilibrium is approached along the
time evolution of a Markov chain. Our main purpose is to show that
the distribution of the chain converges, in the limit n — oo, to the
invariant measure constructed in Theorem 4.4.3. We will therefore
study the limits which appeared in (4.4.3). A detailed study of the
convergence to equilibrium can be found in [Str05].

The convergence of distribution will be in the sense of the total variation
norm, defined, for each p: S — R, by

Iollry =3 lo(@)]. (45.1)
xes

We will say that a sequence of measures (i, ),>1 on (S, P(S)) converges
to p if ||y — pt||rv — 0. As a short hand, we write p,,=p. Our aim is
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to find under which conditions can one obtain, for a recurrent chain
with unique invariant probability 7,

Q™ = .

We will present a standard proof based on a coupling argument.

Consider a Markov chain with state space S and transition matrix
Q. A coupling consists in building two copies of this chain on the
cartesian product S := S x S. We endow S with the o-field P(S). If
1, v are probability distributions on S, © ® v denotes the probability
distribution on S defined by (1 ®v)(z,y) := p(z)v(y). We then define
the following transition matrix on S:

Q(z,y), (') == Q(z, 2)Q(y, y/) - (4.5.2)
By Theorem 4.1.2, we can construct a canonical version of a Markov
chain (X, Y,)n,>0 with state space S, initial distribution p ® v and
transition matrix Q. We denote the associated measure by P,g,. It
is clear that under P,z,, the coupled chain (X, Y},),>¢ describes two
independent copies of the original markov chain. Its marginals are
given by

Pu@u(Xn+1 — xlan - :U) - Q(xa ZU,) ) ]P)/L@V(XTL — 517) - IUQ(R)(:E> )
Puew(Yar1 =¥/ [Ya = 9) = Q. ¢),  Puaw(Ya =y) = vQ"(y).
A key idea is then to choose v := 7, where 7 is the invariant measure
of Q. This implies that under P,g,, (Y})n>0 is at equilibrium for all
n > 0:
Puer(Ya = y) = Q" (y) = 7(y) = Puex(Yo = y) .

Therefore,

Py X =9y) —7(y) = Puor(Xo = y) = Puax (Yo = 9)
= Eyer [1(x,—y) — Livi=y)] -
Let now T define the stopping time at which X,, and Y,, meet for the
first time:
T:=inf{n>1:X,=Y,}.

In other words, T is the first time the chain (X, Y},),>0 hits the diago-
nal {(z,x): z € S}. The point is that if the two chains meet at some
time NN, then the Markov Property implies that they become proba-
bilistically undistinguishable for times > N. We therefore decompose
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the last expectation with respect to the stopping time T and to the
position of the chain at time T:

Epor[1ix,=yy — Lvu=py] = Epor [Lirony (Lix, = — Lva=yy)]
k=1 z€S
This last sum is zero. Indeed, using twice the Markov Property at

time k,

Eer L=k x,=vi= Lixu=p)] = Buer L=k x,=vi=) 1{x, =y} © 0"]
Rz, y)

Epor|
Epor|
EM@W[l{T:/{?,Xk:Yk:Z}1{Yn—k:y} © Hk]
Eer|

peor | L{T=k, X, =vy=2} @

URT 1{T=/€,Xk=Yk=Z} 1{Yn:y}] :
Therefore,

D IPXn =) =7 = > [Bper [ Lo (Lixamyy — Liy=n)]|

yes yes

< 2 ZEM®W[1{T>TL}1{Yn:y}] = QPM@W(T > TL) ,
yes

We are left with
11Q™ = 7||lrv < 2Pyer(T > n), (4.5.3)

which is the standard coupling inequality. We will thus obtain Q™ =
7 if we can show that the chain (X, Y} ),>0 is recurrent. The most
general way of obtaining this recurrence is under a condition on the
chain S called aperiodicity, to which we shall turn in a while. Before
this we consider a more restrictive condition, but which gives a rate
of convergence for the speed at which ||xQ™ — ||ty — 0.

LEMMA 4.5.1. Assume the chain S satisfies the following condition:
there exists ¢ > 1 such that

inf QU(x,y)>8>0. (4.5.4)

x,yeS

Then, for all probability distributions p, v, we have
P, (T > k) < (1-6)F, Vk>1. (4.5.5)
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ProOF. We will prove the lemma for Dirac masses p = d,, v = d,,
in which case the measure is denoted P, ,y. That is, we will show that
forall k > 1,

P, (T > k) < (1—68)", VY(z,y)€S. (4.5.6)

The general case (4.5.5) then follows by summation over (z,y) € S 4.
We show (4.5.6) by induction on k. Consider first the case k = 1. For
any pair (x,y), we have, by (4.5.4),

Pl (T <) 2 Plyy(Xe =Ye) = ) Pry(Xe=Yi=2)

z€S
=300, Q. 2) > 65 Q(y,2) = 4,
z€S z€S

which shows (4.5.6) for £ = 1. Assume then that (4.5.6) holds for k
and for all pair (z,y). Then,

Py (T > (k+1)0) = > Puy(T> (k+1)0, Xy =5,V =1).

(s,t)eS

Using the Markov Property at time &/,
]P)(x’y)(T > (k—l—l)f, X =58,Y = t) = ]P)(x’y)(T >kl, Xy =8,Y = t)P(S,t)(T > E)
Using P; (T > £) < 1 — 6, resumming over (s,t) € S and using the
induction hypothesis yields (4.5.6) for k + 1. O

A direct corollary is then

THEOREM 4.5.1. Assume the chain S is trreducible and positive re-
current and satisfies (4.5.4) for some 6 > 0, £ > 1. Let m denote the
unique mvariant probability measure. Then

11Q™ — xllay < 2(1 - 8)L# (4.5.7)

uniformly in all initial distribution . In particular, pQ™ = .

To emphasize the fact that a chain as above forgets about its ini-
tial condition, consider two distinct initial distributions u, /. By the
triangle inequality;,

Q™ = QW |y < Q"™ — 7|lvv + [l — pQ™ |y — 0,

and so the distribution of X, with initial distribution p becomes,
asymptotically, indistinguishable from the one started with p/'.

4A mettre en exercice!
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Assumption (4.5.4) is a strong mixing condition. It forces trajectories
to meet, in the sense that any pair of points (z, y) can be joined during
a time interval of length ¢ with positive probability. This implies that
two trajectories meet at some of the times ¢,2¢,3¢,..., and so the
coupled chain S is recurrent. Clearly, (4.5.4) is not realistic when S
is infinite, and one can cook up simple examples in which it is not
satisfied even in case where S is finite. Consider for example the case
where S are the vertices of a square, where the particle can jump to
either of its two nearest neighbours with probability %

DEFINITION 4.5.1. Let © € S be recurrent. Let I(z) := {n > 1 :
QU (z,x) > 0} be the set of times at which a return to x is possible

when starting from x. The greatest common divisor of I(x), denoted
d(x), is called the period of x.

Since x is recurrent, u(z,x) = oo > 0, and so Q™ (x,z) > 0 for
infinitely many mns. Therefore, I(z) contains an infinite number of
numbers. Moreover, observe that I(z) is stable under addition: if
n,m € I(x) then by the Chapman-Kolmogorov Equation (4.2.3),

Q(”er)(x,x) > Q(")(x,x)Q(m>(x,x) >0,
and so n+m € I(x).

LEMMA 4.5.2. If x,y € S belong to the same recurrence class, then
d(x) = d(y).

PROOF. Since x,y are in the same class, there exists K > 1 such
that Q) (z,y) > 0 and L > 1 such that Q) (y, z) > 0. Therefore,

QY ) (y, y) = QW(y, 2)Q" ) (z,y) > 0,

which means that K + L € I(y), and therefore, d(y) divides K + L.
Then, consider any n € I(x). We have

QU ) (y, ) > QW (y, 2)Q" (z, z)Q™)(2,y) > 0,

which means that K +n+ L € I(y) and therefore, d(y) divides K +n+

L. Therefore, d(y) divides n. Since this holds for all n € I(x), d(y) is
a divisor of I(z). As a consequence °, d(y) divides d(x). Changing the
roles of y and x shows that d(z) divides d(y), and so d(x) = d(y). O

LEMMA 4.5.3. If d(x) = 1, then there exists mo such that QM (z,x) >
0 for all n > my.

5Qa je ’ai pas encore bien compris.
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PrOOF. We first show that when d(x) = 1, I(x) must contain two
consecutive integers. So let ng,ng + k € I(x). If k = 1 then there is
nothing to do. If £ > 1 then (since k > d(x)) there must exist some
[ € I(x) which k does not divide. Write [ = km +r, 0 < r < k.
Since I(x) is stable under addition, the two numbers (m + 1)(ng + k),
(m 4 1)ng + ny, are both in I(x). But these numbers differ by less
than k:

(m+1)(ng+k)—(m+1nog+ni=m+Dk—(km+r)=k—r<k.

Proceeding by induction we finally obtain a number N such that
{N,N + 1} € I(x). Let my := N?2 Then each n > N? can be
written as n = N? + kN + r for some k£ > 0, 0 < r < N. We can
therefore write n as n = (N + 1)r + N(N — r + k), which shows that
n € I(z). O

This lemma says that any point with d(z) = 1 can come back to its
original position in an arbitray number n of steps, as long as n is
sufficiently large. This clearly means that if two independent walks
are started at points x, 2’ with d(x) = d(2') = 1, they can meet at
any y € S at time n with positive probability, as soon as n is taken
sufficiently large. Of course, depending on x,y, n might have to be
taken larger. This shows that imposing d(x) = 1 for all x € S leads to
the same recurrence property as (4.5.4), without uniformity in x, y.

DEFINITION 4.5.2. If d(z) = 1 for all x € S, the chain is called ape-
riodic.

Aperiodicity is an algebraic property that turns all initial conditions
equivalent; it does entail that two trajectories started at two different
points have a positive probability of meeting along the evolution, but
only just (with no uniformity on the time or points). This is enough
to guarantee convergence to equilibrium.

THEOREM 4.5.2. Let the chain be irreducible and aperiodic. Assume
w18 an tmvariant probability. Then for all initial distribution u,

|pQ™ — 7|ty — 0.

PRrROOF. We first show that S is irreducible. So let (z,y), (z,y') be
points in S. Since the original chain is irreducible there exist K > 1
such that Q) (z,2') > 0 and L > 1 such that Q" (y,4') > 0. By
Lemma 4.5.3 there exists ng > 1 such that Q™ (z,2) > 0 for all
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n > ng, and mg > 1 such that QU (y,y) > 0 for all m > mg. For all
n > max{ng, mo}, we have

QUM (z,y), (/,y)) = QUHET (2, ) QUETE (y, o)
> QU (2, 2)Q") (2, 2") Q" (y, ) QW (y,y) > 0.

Then, since m ® 7 is an invariant probability for @, the chain S is re-
current (Lemma 4.4.2). By the coupling inequality (4.5.3), this shows

Observe that there exists a chain which is irreducible, aperiodic, re-
current, but in which two copies don’t necessarily meet (see [R.88] p.

313).

4.6. The Ergodic Theorem

The notion of invariant measure, together with the convergence pro-
perties described in Theorems 4.5.1 and 4.5.2, gives a fairly satisfac-
tory description of the asymptotic behaviour of an irreducible Markov
chain. What still needs to be done is to see how the empirical quanti-
ties relate to this asymptotic behaviour. For example: what is, up to
time n, the time spent by a chain at a site y € S7?

THEOREM 4.6.1 (Ergodic Theorem). Assume the chain is irreducible
and positive recurrent. Let w denote the unique invariant probability
measure, and consider a non-negative function f : S — R, integrable
with respect to w: [ |f|dm < oo. Then for all x € S,

1 n—1
ﬁZf(Xk)—>/fd7r, P,-a.s. (4.6.1)
k=0

This results answers the previous question (in the case of an irredu-
cible, positive recurrent chain). Namely, take f = ¢,. Then [ fdr =
7(y) and by (4.6.1), the fraction of time spent by the chain at y is

n—1

1 1
Eﬁ{() <k<n—-1:Xp=y}= - Z Lix,=yy — ™(y), Pr-as.
k=0
(4.6.2)

This is very different from the convergence obtained in the previous
section. Namely, in the aperiodic case for example, we had obtained
|uQ™ — ||ty — 0, which implies P, (X, = y) — 7(y) for all y € S,
which is a probability of what happens at time n. On the other hand,
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(4.6.2) gives an almost sure convergence of the time the trajectory
spends at y up to time n.

PROOF OF THEOREM 4.6.1: Let x € S. We consider the partition
of the trajectory into the successive returns of the chain at z:

0=T  <T}<T?<...,
where T := T, and for k > 2,
TF .= inf{n > TF': X, = x}.

Since the chain is irreducuble and since there exists an invariant proba-
bility, the chain is recurrent (Lemma 4.4.2), and each TF is P,-almost
surely finite. The result will follow from the fact that the events hap-
pening during the time intervals [T, T#™1) are independent, and from
the Law of Large Numbers. Fix f: S — R and define, for all £ > 0,

T 1

ARES Z f(X;).

§=T"

Clearly, Zk = Z() ©) QT(k).

LEMMA 4.6.1. The sequence (Zy)n>o 18 i.i.d.

PROOF. First observe that for all positive measurable bounded g :
R — R, the Markov Property at time ngk) gives

E9(Z1)] = Exl(g 0 Zo) 0 0] = Eulg(Z0)]

and so the Z;s are identically distributed. For the independence, it is
sufficient to show that for all k£ > 0,

Ei[90(Z0) - - - g5(Z1)] = Exlgo(Z0)] - - - Exlgr(Z0)] (4.6.3)

where g; : R — R, j = 0,1,...,k are arbitrary bounded functions.
This is trivially true when k = 0, so assume (4.6.3) holds for k& —

1. Using again the Markov property at time 7. JE’” and the induction
hypothesis,

Eil90(Z0) - - - g1(Z1)] = Exlg0(Z0) - - - gk-1(Zk—1)] Ex[95(Z0)]
= E:(g90(Z0)] - - - Exlgk(Z0)] -

This shows (4.6.3) for k. O
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Now, observe that since 7 is invariant it must have the form 7 = 7(x)v,
for all z, where v, is the invariant measure of Theorem 4.4.1. This
implies that

B, %] = E.Z)] = E. [Z £0X)

= f(W)Es [TZl 1{ij}}

yes

:/fduxzﬁ/fdﬂ<oo.

Therefore, by the Strong Law of Large Numbers,

n—1
1 1
Nz — / fdr  P,-as. (4.6.4)
n & m(x)

Let N,(n) be the number of visits of the chain at z up to time n. Then
TJ{V =(n) <n< TJ{V ”“'(n)H, and since f is non-negative,

! TNe™ _q | | TN 41

AT ]; f(X) < Nx(m;f(xk)s N kz:; F(X),

which is the same as

1 N,(n)—1 1 n 1 Nz (n)
7. < X)) < 7’
RIS Am P IS D IR
7=0 k=0 Jj=0

By (4.6.4) and since N,(n) — oo P,-a.s. when n — oo (Proposition
4.3.1),

1 n
o ) — [ sv..

The same expression with f = 1 gives g5 — v.(S) = L This

finishes the proof. O]

4.7. Exercises

Generalities.

EXERCISE 4.1. [GS05] p. 219. A Die is rolled repeatedly. Which
of the following are Markov chains? For those that are, supply the
transition matrix.
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e The largest number X,, shown up to time n.

e The number N,, of sixes in n rolls.

e At time r, the time C, since the most recent six.
e At time r, the time B, until the next six.

EXERCISE 4.2. [GS05] p. 219. Let (X,),>0 be the simple random
walk starting at the origin. Are (|X,,|),>0 and (M,,),>0 Markov chains?
(We defined M,, := max{X} : 0 < k < n}.) When this is the case,
compute the transition matrix. Show that Y, := M, — X,, defines a
Markov chain. What happens if Xy # 0.

EXERCISE 4.3. [GS05] p. 220. Let X,,, Y, be Markov chains on S = Z.
is X,, +Y,, necessarily a Markov chain?

EXERCISE 4.4. [GS05] p. 220. Let X,, be a Markov chain. Show that
forall 1 <r <n,

PX,=z|X;=x;,i=12,....r—=1,r+1,...,n)
= P(Xr :x‘Xr—l :xr—laXr—i—l :xr—i—l)-

EXERCISE 4.5. Consider “Markov’s Other chain” ([GS05] p. 218):
let Y7,Y3,Y5,... be a sequence of independent identically distributed
random variables such that

1
P(Yop1 = —1) = P(Yopp1 = +1) = 7"

Define then Y5, := Yo, _1Y5,11. Check that Y5, Yy, Ys, ... are identically
distributed, with the same distribution as above. Is (Y})r>1 a Markov
chain? Enlarge the state space to {1}? and define Z,, := (Y, Y1)

EXERCISE 4.6. [R.88] p.281. Two state Markov chain. Let S = {0, 1}
with transition matrix

1 —« o
Q:[ 8 1—6]

For example, if X, represents the weather on day n, with say 0 being
bad weather, 1 being nice weather, a reasonable optimistic choice is
a=0.6, 6=0.2.

Let u be a probability distribution on S. Show by induction that

RX, =0) = o+ (1—a = 3 (u0) - 51
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Compute n — oo. Set p, := P.(X,, = 1), and show that when 0 <
a+ 3 < 2, (voir les notes de Durrett)

_ b
0+ «

In which cases does p, not converge? Hint: set p, := P.(X, = 1).
Use the Markov Property, write p, = (1 — a)p,—1 + (1 — p,—1)3, and
show that

‘pn ‘Sll_&_ﬁln

pn_ﬁfa: (pn1—ﬁ+ia>(1_a—ﬁ)

EXERCISE 4.7. Let (Y,,)n>0 be iid., P(Yy, =0) =1—-PY, =1) =

%. Show that X,, := (Y}, Y,11) is a Markov chain and compute its

transition probability matrix Q. What is Q®)?

EXERCISE 4.8. Prove Lemma 4.1.1: (X,,),>0 is a Markov chain with
transition matrix () if and only if for all n > 1 and all g, ..., x, € S,

P(XO = Zo, ... 7Xn = .T}n) = P(Xo = .T())Q(.T}o, .%’1) e Q(.T}n_l, .T}n) .
EXERCISE 4.9. The Canonical Markov Chain.

(1) Show the equivalence between the o-algebra generated by the
coordinate maps o(X}),>0 and the one generated by cylinders.

(2) Show that the shift 6 is measurable.

(3) Show the equivalence between (4.2.1) and (4.2.2).

(4) Let ¢ : Q — R be measurable, positive, bounded. Show that
x — F.(1) is measurable.

The Markov Property.

EXERCISE 4.10. Fill in the details at the end of the proof of Theorem
4.2.1.

EXERCISE 4.11. (Durrett p. 283) Using the Markov Property, show
that if A € o(Xy,...,X,) and B € 0(X,,, X;41,...), then

Bu(AN BIX,,) = Pu(A|Xn) Pu(B|Xy)
Hint: Write the left-hand side as E,(E,(1415|F,)|Xy).

EXERCISE 4.12. Stopping times.

(1) Show that Fr is a o-algebra.
(2) Show that Xy is Fpr-measurable.
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EXERCISE 4.13. Let T}, := inf{n > 1 : X,, = y}. Use the Strong
Markov Property to show that

P(Xy=y) =) PuT,=m)Py(Xm=1).
m=1
Compare with the Chapman-Kolmogorov Equation, whose proof requi-
res only the Simple Markov Property.

Recurrence and Classification.

EXERCISE 4.14. Dacunha-Castelle p.185. Classify the states of the
Markov chains on S = {1, 2, 3,4} whose transition matrices are given
respectively by

1000 05 0% %%%%
00 L1 L gl 11 11
Q=lo1od| |oror| il
2 2 6 6 6 2

0100 2050 0001

EXERCISE 4.15. Classify the states of the Markov chain of Exercise
4.6 in function of o and £.

Random Walks.

EXERCISE 4.16. [Str05] p. 16. Prove the Cauchy-Schwartz Inequality:
for any pair of sequences (ay)nez, (bn)nez,

Sl < () (5 0)
nez neZ neZ
(1) Show that it is sufficient to consider the case in which a, =
b, = 0 for all but a finite number of ns.
(2) Given f(z) = Az? + 2Bx + C, show that f > 0 if and only if
C >0and B> < AC.
(3) In the case where a,, = b, = 0 for all but a finite number of ns,
set g(z) =, (anz + b,)? and apply the previous step.

EXERCISE 4.17. Consider a random walk on Z? given by a transition
matrix

d
1
Q(I7 y) - ﬁ H 1|$i—yi|=1 :
=1

Study the recurrence of this chain (in function of the dimension) by
computing Q™ (0,0).
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EXERCISE 4.18. Dacunha-Castelle p. 193. Consider the simple sym-
metric random walk on Z? starting at the origin. Let T}, be the number
of visits of the walk at the origin up to time n. Study the asymptotics
of E[T,] for large n, for the cases d = 1,2,3. For example, show that
ind=1,
2

Y . . (k) (k+1)
Hint: First, observe that {T,, = k} = {1, < n,Tj > n}, and so
P(T, = k) = P(T\" < n) — P(TF) < n), which gives

E[T,]

E[T,) =Y P(T}" <n) = i P(X; =0).

EXERCISE 4.19. Consider a random walk on Z¢, Sy =0, S, = X| +
-+« + X,,, whose increments Xj have the distribution P(X; = x) =
p(z). The purpose of this exercise to show the following Recurrence
Criterium (compare with (4.3.12)):

1
The walk is recurrent < / T oiE
[77Ta7r]d -

©(§)

Here, ¢(&) = Ele®X1], € € RY, is the characteristic function of X;.

(1) For any Z?-valued random variable Z, define pz(z) := P(Z =
x), and denote the characteristic function of Z by ¢z. Prove
the inversion formula:

dé = o0 (4.7.1)

1 )
pa(e) = g [ ¢ eale)de

(2) Compute P(S, = 0) and > P(S, = 0), prove the recurrence
criterium (Hint: compute first > 6"P(S,, = 0) and then take
60— 17).

(3) Apply the criterium to show that the simple symmetric random
walk is recurrent for d = 1, 2, and transient for all d > 3. Hint:
once you have computed the characteristic function of X, show
that 1 — cosx > %2 when |z] < Z.

(4) Apply the criterium to the random walk of Exercise 4.17.

Invariant Distributions.
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EXERCISE 4.20. Vares-Olivieri Chap. 4.3. Show that if a distribution
is reversible with respect to a birth and death chain, then it is inva-
riant. Find an example of a distribution which is invariant but not
reversible.

EXERCISE 4.21. Total Variation Norm. Let S be countable and p : S —

R. Define
lollrv =) ()]
xes
(1) Show that || - ||rv is a norm.

(2) Consider the normed vector space M! :={p: S — R : ||p[lry <
oo}. Let @ be a transition probability matrix on S. Show
that for all p € M, p@Q : S — R is well defined: pQ(z) :=
>yes PY)Q(y, x), and that [|pQllrv < [|pl[Tv.

(3) A sequence (p,)n>1 in M! is Cauchy if for all € > 0 there exists
Ny such that ||p, — pm|lTv < € for all n,m > Ny. Show that
M! is complete: (p,)n>1 is Cauchy if and only if there exists p
such that ||p, — p||Tv — 0.

EXERCISE 4.22. ([GS06] p. 77) Find an invariant probability measure
for the Markov chain of Exercise 4.6. Suppose that 0 < af < 1. Find
Q™). Fix some initial distribution p and study ||uQ™ — 7|ty for large
n. For what values of «, 3 is the chain reversible in equilibrium?

EXERCISE 4.23. [R.88] p. 305 Show that the random walk on a graph
(see Example 4.1.4) is irreducible if and only if the graph is connected.
Show that the walk is positive-recurrent if and only if the graph is
finite. In this case, show that the invariant probability measure is
given by pu(zx) = %, where d(x) is the degree of the vertex x and N
is the number of vertices of the graph ([GS05] p. 236, ex. 6).

EXERCISE 4.24. Ehrenfest Urn Model.

(1) Compute the invariant measure of the Ehrenfest model. (Voir

p.187 de Dacunha-Castelle ou Le Gall p.19.)
(2) Does P,(X,, = z) converge? Why? Find two distributions pu, v
for which

lim inf |xQ™ — vQ™||rv > 0.

EXERCISE 4.25. Give an example of a Markov chain and of a distri-
bution which is invariant but not reversible.
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EXERCISE 4.26. [GS06] p. 69 Let (S,)n>0, (S,)n>0 be two copies of
the simple symmetric random walk. Let Z,, := (5,,S,,) be constrained
to lie in the region S,, > 0, S/ > 0, S,,+.S/, < a, for some integer a > 1.
Find the stationary distribution of Z,,. What happens when a — 0o?

EXERCISE 4.27. ([GS06] p. 77) Let S = {0,1,2,...} and Q(x,z +
1) = ps, Q(z,0) =1 —p,, where 0 < p, < 1. Let b, = pop1-..Do—1.
Show that the chain is

(1) recurrent if and only if b, — 0 when z — oo,
(2) non-null recurrent if and only if > b, < oo,

and write down the stationary distribution if the latter condition holds.
Then, let a, 3 > 0 and assume p, = 1 — ax~?. Show that the chain is
(1) transient if g > 1,
(2) non—null recurrent if g < 1,

and that if 5 =1,

(1) non-null recurrent if a > 1,
(2) null recurrent if a > 1.

VOIR AUSSI NEVEU p. 78., Varadhan p. 145

EXERCISE 4.28. Birth and Death chains. Voir Durrett p. 297, Le Gall

p. 23. ET NEVEU p. 81., VARADHAN p. 145 Let S = {0,1,2,...},

with the transition matrix Q(z, z+1) = p,, Q(z,2—1) = q,, Q(z,x) =

T2, Go = 0, Py + @ + 1, = 1 for all z.
(1) Show that ©(0) := py,

) __DboP1---Pz—1

4192 - - - qx

is the only invariant measure (up to a multiplicative constant).

(2) Consider the particular case r, = 0, p, = 1 — ¢, = p. For

which ps is the measure p finite? For which ps is the chain
null-recurrent? recurrent? transient? (Hint: use Lemma 4.4.2)

EXERCISE 4.29. [GS05] ex. 7, p. 236. Show that the random walk
on the infinite binary tree is transient. Hint: use either Exercise 4.28.

p(x Ve > 1

EXERCISE 4.30. [R.88] p. 313. The Bernoulli-Laplace Model of Diffu-
sion. Consider two boxes having each N particles, b of which are black
(we assume b < N), 2N — b of which are white. At each time n, we
pick a ball from each box and interchange them. Let X, denote the
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number of black particles in the left box. Compute the transition mat-
rix of the Markov chain (X,,),,>1. Study convergence to equilibrium.
See www.math.uah.edu/stat/markov/index.xhtml.

EXERCISE 4.31. [R.88] p. 302. Consider the simple symmetric ran-
dom walk on 7Z starting at the origin. Show that the expected number
of visits to a site x # 0 before the time of first return is 1. Hint: use
Theorems 4.4.1 and 4.4.2. 1l suffit de prendre la fomule en page 47
de Neveu: Ex(N;) = %, donc ici puisque la mesure de comptage est

invariante ca montre le resultat.

EXERCISE 4.32. [R.88] p. 302.

(1) Show that v, (y)v,(2) = vu(2).
(2) Let wyy, = P,(T, < T,). Show that

w,
valy) = = Wy es.
YT

Use this to solve Exercise 4.31.

EXERCISE 4.33. [R.88] p. 305. Compute the expected number of
moves it takes a knight to return to its initial position if it starts
in a corner of the chessboard, assuming there are no other pieces on
the board, and each time it chooses a move at random from its legal
moves. Hint: a chessboard has S = {0,1,...,7}2 A knight’s move
is L-shaped: two steps in one direction followed by one step in a
perpendicular direction. Same with a king.

EXERCISE 4.34. [GS06] p. 68 A particle performs a random walk on
the bow tie ABCDE drawn on Figure 2, where C is the knot. From any
vertex the next step is equally likely to be any neighbouring vertex.
The particle starts at A. Find the expected value of

(1) the time of first return to A

(2) the number of visits to D before returning to A

(3) the number of visits to C before returning to A

(4) the time of first return to A, given no prior visit by the particle
to E

(5) the number of visits to D before returning to A, given no prior
visit by the particle to E.

EXERCISE 4.35. [GS06] p. 68. A particle performs a symmetric ran-
dom walk on the square graph of Figure 2, starting from A. Find the
expected number of visits to B before it returns to A.
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FIGURE 2

EXERCISE 4.36. [R.88] p. 279, 304. Show that an irreducible renewal
chain is positive recurrent if and only if >, kfi < oo.

EXERCISE 4.37. (Dacunha-Castelle, p. 191) Consider the successive

return times at a given site x: T:gl) < T;,SQ) < .... Define
g(s) =>_Q"(x,x)s",  h(s) =) Pu(T,=n)s".
n>0 n>1

Express g as a function of h. The following formula might be useful:
Q"(w,x) =) Po(T = k)Q"(w, )
k=1

What should ¢ satisfy in order for 7' to be almost surely finite? Show
that for all sequence ny < no < ...,

PTM =y, TP =T =y T — T = )

T

k
=[P =ny). (4.7.2)

Assume z is transient. Show that the chain visits x almost surely
a finite number of times (hint: use (4.7.2) and Borel-Cantelli for

the sequence of events {ng€> < o0}). From (4.7.2), deduce that the

k:—l))

sequence (ngk) — T k>1 1s i.d.d.

EXERCISE 4.38. Stroock [Str05] p. 28., Lindvall [Lin92] p. 54. Doe-
blin’s Coupling. Let @ be a transition probability matrix on S. The
aim of this exercise is to show the following result, due to Doeblin
([Doe38|, 1938): Assume there exists yg € S, € > 0 such that

ingQ(x,yo) > €. (4.7.3)
re
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Then Q) has a unique invariant distribution w, and for any initial
distribution u,

1pQ™ — 7y < 2(1—€)".
We use the notations and results of Exercise 4.21.

(1) Show first that if (4.7.3) holds, and if p : S — R is such that
Y weg P(x) =0, then

IpQllrv < (1 —¢)

Hint: Write 30, p(2)Q(7,y) = 3 ,c5 p(2)(Q(2,y) — €0y y,)-
(2) By induction, show that for all n > 1,

1pQ™|Irv < (1 = €)"(|p|lrv -

(3) Let u be an initial distribution, set p, := p@Q"™. Show that
{4tn}n=1 is a Cauchy sequence to conclude that 7 := lim,, £Q™
exists. Hint: for n > m, write p, — pm = (LQ"™ — 1)Q™.

(4) Show that 7 is stationary. Conclude.

Show the following generalization of the previous theorem: Assume
there exists yo € S, M > 1 and € > 0 such that

ing QW) (x,10) > €. (4.7.4)
re

Then ) has a unique invariant distribution w, and for any wnitial
distribution u,

1pQ™ — xllrv < 2(1 — )bt

(1) Set @ = QM) apply the preceding theorem.

(2) Write any n as n = mM + 7, 0 < r < M, uQ"™ — 71 =
(uQT — 7)Q™, and use the first part of the proof of the first
theorem to conclude.

(3) Compute the rate of convergence for some of the finite state
Markov chains encountered above.

EXERCISE 4.39. Consider the Ehrenfest model of Exercise 4.24, toget-
her with its invariant measure m. Although we saw in Exercise 4.24
that P(X, = k) has no limit when n — oo, show that the average
time spent by the chain at k£ has a limit when n — oco. Compute this
limit.

EXERCISE 4.40. [Str05] p. 124. Gibbs Distributions. Voir aussi Olivieri-
Vares, p. 250 pour le champ moyen.
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EXERCISE 4.41. http : //faculty.uml.edu/jpropp/584/, bouquin de
Charles M. Grinstead and J. Laurie Snell p. 418., The Fundamental
Matrix for absorbing chains.



CHAPTER 5
Martingales

Many probabilists specialize in limit theorems, and much
of applied probability 1s devoted to finding such results.
The accumulated literature is vast and the techniques
multifarious. One of the most usefull skills for estab-
lishing such results is that of martingale divination, be-
cause the convergence of martingales is gquaranteed.

G. Grimmet and D. Stirzaker, [GS05].

Consider the simple random walk on Z: S, = Y; + --- +Y,,, where
P(Y, =+41) =1—- P(Yy, = —1) = p, with p € (0,1). Observe that
S| < n and so

S,e L' vn>1. (5.0.5)

Moreover, if we define (5,,),>1 by F, := o(Y1,...,Y,), then

E[Sn—i—l‘g:n] = E[Sn + Yn—i—l‘g:n] = Sy + E[Yn-i-ll‘rfn] =S, +2p—1.
(5.0.6)
In particular, if p = %, then

E[Sp|Fn] =S, Vn>1. (5.0.7)
(5.0.5) and (5.0.7) are the two properties defining a martingale.

5.1. Definition and Examples

Martingales describe sequences of integrable random variables (X),),>1
which respect a condition of the type (5.0.7): interpreting n as disc-
rete time, the expectation of X, 1, conditionned on the information
encoded in the variables X1, ..., X, is equal to X,,. We will describe
a slightly more general situation, where the sequence (¥,,),>1 is defi-
ned a priori, without necessary reference to a sequence of variables.
Throughout this section, (€2, F, P) is an arbitrary probability space.

DEFINITION 5.1.1. A filtration is an increasing sequence (F,)p>1 of

sub-o-algebras F; C Fo C --- C F. A sequence of random variables
(Xn)n>1 on (2, F) is adapted to (F,)n>1 if X, is F-measurable for all

95
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n > 1. A double sequence (X, Fp)n>1, where (F,)n>1 is a filtration
and (X,)n>1 5 adapted to (F,),>1, is called a stochastic sequence *.

When, as above, a filtration is associated to a sequence of random
variables as &, := o(Y1,...,Y,), we call it the natural (or canonical)
filtration associated to (Y,)n>1-

DEFINITION 5.1.2. A stochastic sequence (X, F,)n>1 in which X, €
LY is called

(1) a martingale if for all n > 1:
E[X,1|Fn] = X0, (5.1.1)
(2) a submartingale if for alln > 1:
E[X1|Fn] > X0, (5.1.2)
(3) a supermartingale if for alln > 1:
E[X,1]F)] < X, (5.1.3)
When the filtration under consideration is clear in the context, we will
write (X,,),>1 rather than (X, F,),>1. We have omitted to mention
that each of the expressions (5.1.1)-(5.1.3) holds P-almost everywhere.

We will continue to do so in the sequel, unless when the specification
of the measure P will be necessary.

There is a condition equivalent to (5.1.1) called the martingale property,
which characterizes a martingale. Namely: for all n > 1,

/XndP:/deP, VAe T, ,VYm>n. (5.1.4)
A A

In particular, using this identity with A = 2, we see that
E[X,| = E[Xi], VYn>1. (5.1.5)

Considering submartingales (resp. supermartingales), the same holds
with = in (5.1.4)-(5.1.5) replaced by > (resp. <).

Observe that sequences of independent random variables don’t, in ge-
neral, form martingales. The simplest example of a submartingale is
provided by a non-decreasing sequence (a,),>1: if X,, = a, for all n,
then (X,,),>1 is a submartingale with respect to any filtration. Let us

Ipis terminology is taken from Shiryayev [Shi84]
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give more interesting examples to which we will come back often in
the sequel.

ExAMPLE 5.1.1. Consider the random walk (S,,),>1 described above,
with its natural filtration. Then (5.0.6) shows that (.S,,),>1 is a martin-
gale when p = %, a submartingale when p > %, and a supermartingale
when p < %

EXAMPLE 5.1.2. A similar construction can be done with products:
let M,, =Y1Ys---Y,, where the Y} are independent, non-negative, and

then (M,, F,)n>1 is amartingale. Namely, since M,, is F,,-measurable 2,

E[MnJrllS:n] = E[MnYnJrll?n] - MnE[anLllS:n] - MnE[Yn+1] = M,.

ExAMPLE 5.1.3. Let (F,),>1 be any filtration, X € L' Set X, :=
E[X|F,]. Then (X,, F,),>1 is a martingale. Namely, X, is F,,-measurable
and

E[|Xy]] = E[|[E[X|F,]]] < E[E[|X]|F0]] = E[|X]] < oo,
which implies X,, € L'. Then, since F,, C F,,11,
E[X, 1%, = E[E[X|F,1]|F.] = E[X|F,] = X,

Martingales of this type are called closed. X, can be interpreted as
the best approximation of X given the partial information contained
in the occurence or non-occurence of the events in &F,. Intuitively,
X, should converge to X, which will be confirmed in Lévy’s Upward
Theorem.

The following example shows that martingales will also be useful in
the study of purely measure-theoretical problems.

ExAMPLE 5.1.4. Consider the probability space ([0,1),B([0,1)), ),
where B([0, 1)) denotes the Borel g-algebra, and A the Lebesgue me-

asure. Consider the dyadic intervals I = [£-1 ) and the associated
dyadic filtration (&,,),,>1, defined by

F,=o(lf:i=1,2,...,2").

If 1 is any finite measure on ([0,1),B([0,1))), we define the random
variables

2n

X, = ; /;8’;2112. (5.1.6)

2We refer the reader to Chapter 1 for the general properties of conditional expectation that are
used throughout the present chapter.
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For large n, these random variables give accurate local comparisons
of the measures p and A. Observe that X,, € L'(\) and that for all
AeF,,

/ Xoyord) = p(A) = / X\ (5.1.7)
A A

which is (5.1.4). This shows that (X,,),>1 is a martingale with respect
to the dyadic filtration. By writing

:/Xnd)\ VA € F,, (5.1.8)
A

we see that X, is a good candidate for the construction of a density
of p with respect to A\. For (5.1.8) to hold for all A € B([0, 1)), we see
that a limiting procedure n — oo is necessary.

EXAMPLE 5.1.5. Consider the Branching Process of Example 4.1.8:

n—i—l Z Y

where the Yk(n) are i.i.d. with distribution P(Yk/,(n> =7)=pl), Jj >
0. Assume \ := E[Yk(")] = > _i0Jp(j) < oo. Consider the natural
filtration

F, = J(}/i(m,i >1,k<n).
We have X,, € L! since

EXnpi] =Y Bllgex Yl = Y Ellpex ] BV = AB[X,] = X" < o0.
k>1 k>1
Similarly,
[ X1 F0)] Z Li<x,) BY, (n)\ffn] = )\Z Lip<x,) = AXy,
k>1 k>1

we see that Z,, := A7" X, is a non-negative martingale.

5.2. Martingale Transforms

If X, is a martingale, what about |X,|? More generally, what about
#(X,)? We call (¢(X,,)) a transformation of (X,,). For example, convex

functions transform martingales into submartingales:

LEMMA 5.2.1. Let (X,,)n>1 be a martingale (resp. submartingale), and
let ¢ = ¢(x) be a convex (resp. convex and non-decreasing) function
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such that ¢ o X,, € L' for allm > 1. Then (¢(X,))n>1 s a submartin-
gale. In particular, (X )ps1, (X, )ns1 and (| X,|)n>1 are submartin-
gales, and if X, € L?, then (X2),>1 s a submartingale.

Proor. This follows at once from the conditional version of Jen-
sen’s Inequality: if (X,,),>1 is a martingale and ¢ is convex, then

O(Xn) = O(E[Xn1|Fn]) < Eld(Xni1)[Fn] -

If ¢ is non-decreasing and (X,,),>1 is a submartingale, then
(X)) < G(E[Xn1|Fn]) < Eld(Xni1)[Fn] -

The final statement is a consequence of the first. O

Transformations that will play a fundamental role later are those which
measure in a certain sense the increments of a martingale, i.e. X,, —
Xp-1. See (5.2.1) hereafter.

DEFINITION 5.2.1. Let (F,)n>0 (observe that n > 0) be a filtration.
A sequence of random variables (C),),>1 is called predictable if C,, is
F,_1-measurable for alln > 1.

A typical example of predictable sequence is given in gambling terms:
C,, is the amount of money the gambler bets on the game at time n,
which is of course based on the knowledge of all the games up to time
n—1. If (X,)n>0 is adapted and (C),),,>1 is predictable, we define the
transformation of (X,,),>0 by (Cy)n>1 as the sequence ((C' - X),)n>1,
where

(C-X)p = CilXp — Xp1). (5.2.1)
k=1
LEMMA 5.2.2. Let (C,,)n>1 be predictable and bounded.

(1) If (X)) n>0 s a martingale, then (C' - X), is a martingale.
(2) If (X)n>0 @s a sub/super-martingale and if C,, > 0, then (C -
X)n is a sub/super-martingale.

ProOF. Let Z,, = (C- X),. Clearly, Z, is adapted to F,, and since
C,, is bounded, Z,, € L'. Then, since (C,) is predictable,

E[ZnJrl‘gjn] - Zn + E[Cn+1(Xn+1 - Xn)|?n]

Transformations by predictable sequences will play a crucial role in
the following section.



100 5. MARTINGALES

5.3. Doob’s Optional Stopping Theorem

We have seen in (5.1.5) that the expectation of a martingale X,,, £[X,,],
does not depend on time: E[X,| = E[X;] for all n > 1. A deep pro-
perty of martingales is that this remains true when the time n becomes
a random variable. This property is the key to all convergence results
that will be derived in further sections, and turns martingales a po-
werful tool in many applications.

Modeling a random time is done using the notion of stopping time,
which we already encountered in the study of Markov chains. Here we
define them with respect to an arbitrary filtration (§,),>1, which we
fix throughout the section.

DEFINITION 5.3.1. Let (F,)n>1 be a filtration. A {1,2,...} U {o0}-
valued random variable T is a stopping time with respect to (F,)n>1

if
{r<n}ed,, Vn>1. (5.3.1)

Observe that the defining condition (5.3.1) can be replaced by
{Ir=n}ed,, ¥Vn>1. (5.3.2)

We also have {T' < oo} = J {T'=n} € Fand so {T' = o0} ={T <

o} e F.

Consider the random walk of Example 5.1.1. Let I be any subset of

Z. Then Ty :=inf{n > 1 : X,, € I}, the first visit at I, is a stopping

time with respect to the natural filtration. Observe that the last visit

at [, sup{n > 1: X,, € I} is not a stopping time. The proof of the
following lemma is left as an exercise.

LEMMA 5.3.1. If T is a stopping time and if k > 1 is any integer then
TNk is a stopping time. IfT1,T5 are two stopping times, then T +T5,
11 N5, TV T are stopping times.

For each stopping time 7', define the collection
Fr={AeF: An{T <n}eF, Vn>1}. (5.3.3)
LEMMA 5.3.2. Let T be a stopping time.

(1) Fpr C F is a o-algebra called the stopped o-field generated by
T,

(2) T 1s Fp-measurable,

(3) ]le < Tg, then ?Tl C ngg;
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PRrROOF. Clearly, @ and Q belong to Fr, and if A € Fp, then A°N
{T < n} ={T <n}n(An{T < n}) e F,, ie. A° € Fr. The
stability under countable unions is immediate. This shows that JFp is
a o-algebra. It is trivial to verify that T' is Fp-measurable. Finally,
assume 17 < 7T5 and take A € F7,. We have, for all n > 1,

n n k

ATy <n} = JAn{Th=k} = | JUAN{T < jIn{Th =k} € F,
k=0 k=0 j=1 7, €T,

since F;, F, C F),. Therefore A € Fp,. O

When considering the observation of a random sequence X, Xo, ...
at some random time 7', the output is X, where X7 : Q — R is

) X (w) i T(w)
Xr(w) = {0 if T(w)

n,

(5.3.4)

OO )
which can also be written

Xr(w) = Zan{T:n}(w) :

n>1

In this form, it is clear that X; is a random variable. Then, for each
r €R,

{XTSx}ﬂ{Tgn}:O{ngx}ﬂ{T:j}Effn,

J=1

since {X; <z} € F; and {T = j} € F;. Since this holds for all n, this
shows that { X7 <z} € Fp: Xp is Fp-measurable.

Here is a first concrete use of stopping times, which doesn’t yet involve
the concept of martingale. If Xi, X5, ... are i.i.d. and integrable,
Sy = X1+ -+ X, then, by linearity, £[S,| = nE[X;]. The following
gives a generalization of this fact to the situation where n is changed
into a stopping time 7.

THEOREM 5.3.1 (Wald’s Identity). Let X, Xo, ... be i.i.d. with X, €
L', S, .= X1+ ---+ X,. Let T be a stopping time with respect to
the natural filtration F,, = o(X1,...,X,), integrable: T € L*. Then
E[ST] = E[T|E[X].
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PROOF. Since T € L' it is a.s. finite. We first consider the case
Xk; 2 0:

k
= Z E[Skl{T:k;}] = Z Z E[le{T:k:}] = Z E[le{TZj}] :
k>1 k>1 j=1 j>1
Since {T' > j} ={T < j—1}° € F,;_; and since X, is independent of
Fj_1, we have E[X;1¢r> ;] = E[X|E[1{p>;]. The result follows since
E[X;] = E[X1] and ), Ellir>5] = E[T]. In the general case, we
must justify the interchange of the sums over j and k. Observe that

> EIXi BT = S BIXIP(T = ) = S ST EIXIP(T = k).

j>1 j>1 k>j

By Fubini’s Theorem, the change of order of summation is therefore
justified. O

Wald’s Identity has the following interesting consequence. Let (.5,)
denote the simple symmetric random walk starting at the origin. Let

= inf{n > 1:.5, = 1}. By recurrence of the walk, P(T < o0) = 1.
Since Sp = 1 on {T' < oo}, we have P(Spr = 1) =1, i.e. E[Sy| = 1.
Since the walk is symmetric, EF[Xi] = 0 for all n. If T € L', the
previous theorem would imply that E[S7] = 0, a contradiction. The-
refore, K[T,] =

Let us move to the major tool of Martingale Theory, which says that
the property (5.1.5) is preserved when the martingale is observed at
random times. The central ingredient is the following lemma.

LEMMA 5.3.3. Let (X,,)n>0 be a martingale (resp. a supermartingale),
T a stopping time. Then (Xuar)n>0 @S again a martingale (resp. su-
permartingale).

PROOF. For all n > 1, define C,, := 17>, . Since {T > n} =
{T < n}¢ e F,_1, (C,)n>1 is predictable. By explicit computation,
(C - X)n = Xpar — Xo. Therefore,

Xopar=(C-X)p+Xo Yn>0. (5.3.5)
Since (), is bounded, the result follows from Lemma 5.2.2. [l

THEOREM 5.3.2 (Doob’s Optional Stopping Theorem). Let (X,,)n>0
be an adapted sequence, T a stopping time. Consider the following
conditions:
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1) T is bounded,

2) T is a.s. finite and (X,,) is bounded,

3) T € L' and the increments (X, — X,,_1) are bounded,
4) T is a.s. finite and X,, > 0.

(

(

(

(
If (X)) is a supermartingale, and if either of the conditions (1)-(4) is
satisfied, then Xt € L' and E[X7] < E[Xy).

If (X,) is a martingale, and if either of the conditions (1)-(3) is sa-
tisfied, then Xt € L' and E[Xr] = E[X,).

PRrROOF. We first consider the case of supermartingales. Under (1),
there exists K such that T' < K. Therefore, X7 = Xg r and so, by
Lemma 5.3.3, X7 € L' and F[X7] = E[Xgar| < E[X(]. Assume then
that (2) holds, i.e. |X,,| < M. Then

Ellrl = [ 1XrldP <,
T<oo

and so X7 € L'. By Dominated Convergence and the supermartingale
property ({7 <n} € F,),

E[X7| = XpdP = lim XpardP < limsup XodP = E[Xy].
T<oo =0 Jr<n n—00 T<n

Assume (3) holds. Then T is a.s. finite and |X,, — X, 1| < M.
Therefore,

nN\T
[ Xoarl < [Xol + [Xanr — Xo| < [ Xo| + D 1Xp — Xpa| < | Xo| + MT .
k=1

This implies X,y € L'. Since lim,, X,»r = X7 a.s., by the Lemma of
Fatou,

/|XT|dP < liminf/ [ Xonr|dP < B[ Xo]] + ME[T] < o0
and so X7 € L'. Then, by Dominated Convergence,

E[Xr] = lim XpardP < limsup XodP = E[Xy].
nee Jr<n n—oo  JT<n
Under (4), we use again the Lemma of Fatou:

n— T<oo
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Now if (X,,) is a martingale then both (X,,) and (—X,,) are supermar-
tingales, and therefore, under either of the conditions (1)-(3), E[X7] <
E[Xy] and E[—X7p| < E[—Xy|. This implies F[X7] = E[X]. O]

The Optional Stopping Theorem applies when the stopping time sa-
tisfies some finiteness condition, and the following example shows that
the result can be wrong without such restrictions. Let again (.Sy,),>0
denote the simple symmetric random walk starting at the origin. Con-
sider the stopping time 7" := inf{n > 1: 5, = 1}. Then we saw that
E[Sr] = 1, which is obviously different from E[Sy] = 0. This is due to
the fact that 7' is not integrable.

The following lemma gives a useful criterium to verify the finiteness
of T in concrete situations.

LEMMA 5.3.4. Assume T is a stopping time with respect to (F,) for
which there exist an integer N > 0 and an € > 0 such that, almost
surely,

P(T<n+N|F,) >e¢ Vn>0. (5.3.6)
Then P(T > kN) < (1 —¢€)* for all k > 1. In particular, T € L*.

Condition (5.3.6) means that whatever happened up to a fixed time
n, the probability of T" occuring before the next N steps is always at
least e.

PrROOF. If k =1, P(T < N) = E[P(T < N|%F))] > €. So assume
the result has been shown for k.

P(T > (k+1)N) = E[lirsinil{r> k18]
= BE[Lirsinylrs 1wy FTen]]
= ElyrspnyP(T > (k+ 1)N[Fpn)] -
But P(T > (k+ 1)N|Fyn) =1 — P(T < kN + N|Frn) < 1 —e. This
implies P(T > (k+1)N) < (1 —€)P(T > kN) < (1 — e)*+1, 0
We now present applications of the Stopping Theorem.

5.3.1. Application: the Second Heart Problem. In a deck of
52 cards, well shuffled, we turn the cards from the top until the first
hearts appears. If we turn one more card, what is the probability that

this card is hearts again? Answer: i.
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We describe the experience by a finite sequence X, X1, ..., X51, where
X, is the fraction of hearts left in the deck after the kth card was
drawn: X, = g = i, and for £ = 1,...,51 (observe that the number
of cards left after the kth card was dran is 52 — k),

_ ##{hearts remaining in the deck after kth card was drawn}
B 52—k '

Observe that since we assume the deck to be well shuffled, X} is exactly
the probability that a hearts is drawn at time £ + 1. We claim that
(X1)3L, is a martingale with respect to its natural filtration. Namely,
by considering separately the cases in which the nth card drawn is a
hearts or not,

X

Xoa(32=(n=1) =1 Xua(52— (n—1))

E[X,|Fn 1] = — —
52 —n 52 —n

(1—-X,1)

n—1 -

Define the stopping time T as the first time a hearts is drawn. The
probability we are interested in is E[X7]. Since T is bounded (7" < 52)
the Stopping Theorem gives: E[X7| = E[X(] = 1.

5.3.2. Application: The Gambler’s Ruin. This section rede-
rives the results obtained in Exercise 2.9 in a completely different
way. The martingales introduced hereafter were apparently introdu-
ced first by De Moivre. Consider i.i.d. random variables Y7, Y5, ... with
PYy=41)=1-P(Yy =—1) =p, 0 < p < 1. We consider the simple
random walk starting at some x > 0: Sy :=x, 5, =z+Y1+---+Y,,
and denote its law by P,. We fix some N > x and study the probabi-
lity that the walk reaches 0 before N, that is P,(S7 = 0). This can be
done by introducing the first time at which the walk exits the interval
[1,N —1]:

T:=inf{n>1:85,€{0,N}}.

First, we show that 7' € L', which is intuitively true since for T to
be very large the walk must stay in the middle of the box for a long
period of time, a very rare event. Wherever the walk is at time n, the
probability that it exits the interval [1, N — 1] during the next N steps
is bounded below by the probability that it exits the interval through
N, which is itself bounded below by p" = ¢ > 0. By Lemma 5.3.4,
T e L.
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When p = %, S, is a martingale, and |S,, — S,_1| = 1. By the Stop-
ping Theorem, E,(Sr) = E.(S)) = x. Since Sy € {0, N}, we have
Ex(ST) =0- Px(ST = 0) + N - Px(ST = N), and get Pz(ST = N)

ie. P(Sr=0)=1-%.

_z
=
When p # %, S, we need to find another martingale which “cancels”

the asymmetry between p and 1—p. The following is left as an exercise:

LEMMA 5.3.5. N, =S, — (p — q¢)n and M,, = (%)S" are martingales.

As can be verified easily, sup,, |M,, — M,,_1| < By < oo, and therefore
by Theorem 5.3.2, E[My] = E[M;]. Since My € {1, (%)N} almost
surely, we easily get as before

as we had obtained in Exercise 2.9.

5.3.3. Application: first appearance in a random sequence.
The following is a generalization of the problem known as “The first
run of three sixes”. Let (X,),>1 be an i.i.d. sequence taking values
in the finite set S = {£1}, with P(X}, = +1) = p, P(X; = —1) = ¢,
p+q = 1. We always assume that 0 < p < 1. Denote by JF, the
natural filtration &, := o(X1,..., X,).

Fix a word of size [, a = (a1, as,...,q;), with a; € S. Let T be the
first time the word a appears in the sequence (X,,),>1, that is

T, :=inf{n >1: (X_141,...,X,) = a}.

Clearly, Tj is a stopping time with respect to the natural filtration, and
it is easy to show using Lemma 5.3.4 that T, € L'. We are interested
in computing E[T;]. For example, we will show that for the word
a=(—1,...,—1) (I times the symbol —1),

EL)=q¢'4q¢%+ - +q" (5.3.7)

To study this problem, we construct martingales and use the Stopping
Theorem. We introduce an auxiliary process as follows. Consider the
numbers

K+ = pila K_:= qila
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which will be rates associated to the appearance of +1 or —1 in the
sequence X,,. Assume first that a is an infinite sequence (aq, as, ... ).
Just before each time n, a gambler enters the game with an initial
having of H\" := 1 (Brazilian reais, say), and bets H " reais on the
event that ()gn will be a;. If he loses, that is if X, # a1, his new havings
n

become H; "’ := 0, and he leaves the game. If he wins, i.e. if X,, = ay,
he wins K+H(gn) if a; = +1, and K_Hén) if a; = —1. His havings thus
become Hl(n) = KalHén). At the next step, just before n 4+ 1, he bets
H 1(71) on the event that X,,; will be ay. If he loses then H;n) =0 (and
he quits the game) and if he wins, his new having is H;n) = K, H 1(n),
etc. After k steps,

(n)
Hk:+1 -

0 if Xopr # apq1,
Ko (H" i X = agy -

k41

Observe that whether a;.q is +1 or —1, the havings of the player
remain equal to 1 on average.

For n > 1, let Z, denote the total havings of all players that entered
the game up to time n:

@ (2) (n—1)
Zy = HY + HY, + -+ H'™V + H" an

Define also Zj := 0. Since the havings of each player remain constant
on average, and since at time n exactly n reais have been invested by
the players in the game, we expect that the sequence (M,,),>¢ defined
by M, := Z, — n forms a martingale with respect to the natural
filtration &,,. Indeed, since for all j =1,...,n,

E[H7(13421—j+1|3rn] - E[KXnHHy(zj—)jH‘?n] - H7(z )]—i—lE[KX +1|~r7|~ ] - 753)3+1
and since E[ (mt1g,] = énH) =1, we get

E[Zn+1|‘rf ZE n—i—l ]+1|:}~ ] + E[ R ‘gj ]

]1
Z J+1+1_Z+1

This shows that M, is a martmgale.
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If T € L' is a stopping time with respect to the filtration J,, we can
then stop M,, at T'. The Stopping Theorem gives E[My| = E[M,| = 0,
which implies

E[T| = E|Z7]. (5.3.8)
Consider for example the case a = (—1,—1,..., —1) (I times the sym-
bol —1), then at time T, the player who entered at time T, — [ lost his
first bet and quit the game immediately, but the player who entered
at time T, — [+ 1 won all his bets up to time T}, and his fortune is thus
exactly K’ . The fortune of the player who entered at time T, —  + 2
is exactly K71, etc., until the player who entered just before time T},
whose havings equal K_. We then have Zy, = K' + Kty . 4K
By (5.3.8), this proves (5.3.7).

5.3.4. Application: The Secretary Problem. N candidates
present themselves for a job interview. According to the employer’s
criteria, the 7th candidate’s suitability for the job is a number between
0 and 1. At time 7, the employer interviews candidate ¢+ and determines
its suitability exactly. Immediately after the interview, he must decide
whether to accept or reject the candidate, since no recall is possible.
What strategy should the employer adopt in order to maximize his
chance of choosing a good candidate?

In probabilistic terms, the suitabilities of the candidates can be mo-
delized by an i.i.d. sequence Xi,..., Xy where each X} has uniform
distribution over [0,1]. Finding the best strategy is to find a stop-
ping time 7" which maximizes E[Xp|. This best stopping time is given
hereafter.
THEOREM 5.3.3. Consider the sequence o, . .., ay defined by ay = 0,
and fork=N,...,1, aj_1 := %—l—%ﬁ Let T* :=inf{n > 1: X,, > a,}.
Then

E[ X7 < E[X7p:] (5.3.9)
for any stopping time T'.

Observe that a; depends on N, and that «; is decreasing. As an
example, in the case N = 5, we have approximately:

k 1 2 3 4 15
a1 0.74210.695 ] 0.625 | 0.500 | O

INCLUIR O ARGUMENTO INTUITIVO DO GUGU.
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PRrROOF OF THEOREM 5.3.3: By a simple computation we have,
forall0 <a <1,

2

|
E[X,Va]=5+% Vn=1...N. (5.3.10)

For each stopping time T (with respect to the natural filtration as-
sociated to (Xj)i_,), we define a sequence (V,1)_, where Yj := ay,
and
Y= X Va,.
Claim 1: (Y,))N_, is a supermartingale. On {T < n — 1},
E[YnTlgjnfl] = E[XT V Oén‘gjnfl] = XT V oy, S XT Va, 1= Ynjll s

and on {T' >n — 1},

1 o?
E[YnT‘gjn—l] - E[Xn\/&nlﬁtn—l] — E[Xn\/Oén] = 5"‘7” =ap_1 < YnT_l .

Claim 2: (YI)N_, is a martingale. On {T* <n — 1},

EY|F, 1] = E[X7r- V an|Fn 1] = X+ V ay

But by the definition of T, Xp« > ap-. Since a4 is decreasing,
ap > a,_1 > . This means that E[Y |F, 1] = Xr- V a,, =
Xp- = Xp-Va, 1 =Y, Nowon {T* > n — 1}, as before we get

E[YHT*‘?nfl] = O0p—_-1 — YT

n—1-

Now for any stopping time 7', Theorem 5.3.2 and Claim 1 give E[Y7] <
E[Yy]. On the other hand, by Claim 2, E[Yp:] = E[Yy], which proves
the theorem. O

5.3.5. More on Optional Stopping. We saw before that lo-
oking at a martingale at a random time preserves expectations: F[X7| =
E[Xy]. We now show a stronger result stating thaf if a martingale is
considered at random times 77 < 75 < ..., then the sequence (X7, )g>1
is again a martingale. This implies, in particular, that F[Xp | =
E[Xo]. We first consider a particular case, that of closed martingales.
Again, (F,),>1 is a fixed filtration.

THEOREM 5.3.4 (General Optional Stopping for Closed Martingales).
Let (X,)n>1 be a closed martingale, i.e. X, = E[X|F,] for some
integrable random variable X. Let T7 < Ty < ... be a sequence of a.s.
finite stopping times. Then

Xr, = E[X|Fr] . (5.3.11)
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That is, (X1,)k>1 s again a closed martingale.

PROOF. By a previous lemma, (X7, )i>1 is adapted to (Fp, )g>1. To
verify (5.3.11), fix £k > 1 and denote for simplicity T := T;. Take
A € Fp. Since T is a.s. finite, we can write

/ XpdP =Y /A s XpdP =Y /A m{Tn}E[)qs—"n] dP

n>0 n>0

Since AN{T =n}=(AN{T <n})N(AN{T <n-—-1}) € F,, we

have
Z/ E[X|F,]dP = Z/ XdP:/XdP,
An{T=n} An{T=n} A

n>0

which shows that X; = E[X|Fr], i.e. (5.3.11). Then each Xy, is
integrable since

El|X1[] = E|EX[Fr]l] < E[E[|X||F7]] = E[|X]] < oo, (5.3.12)
and the martingale property is verified since
E[XTk+1|SFTk] = E[E[Xl‘.}erH”ngk] = E[X‘?Tk] - XTk .
]

We then turn to the general case. Observe that the difference with the
preceding theorem is that the stopping times must now be bounded.

THEOREM 5.3.5 (General Optional Stopping Theorem). Let (X,,)n>1
be a martingale (resp. submartingale) and let Ty < Tp < ... be a
sequence of bounded stopping times. Then (X, )k>1 s again a mar-
tingale (resp. submartingale). In particular, (in the case of submar-
tingale, replace everywhere = by >)

EXr,,|=EX5] = E[X)] (5.3.13)

PROOF. For simplicity, consider the case £ = 1. To verify that
E[XT2|3~T1] = XT17 i.e. that

/ XT2 dP = / XT1 dP, VA e SjTl , (5314)
A A
it is sufficient to verify, since T} is a.s. finite, that

/ X, dP = / Xp,dP, VAeTp, (5.3.15)
B; B,
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where B; := AN{T\ = j}. Then, (5.3.14) follows by summing over
j > 1. To obtain (5.3.15) we shall prove the validity of the following
expression for all k£ > j:

/ Xr, dP = / X, dP — / Xj1dP .
B;{To=k} B, {Ty>k} By {To>k+1}
(5.3.16)

Namely from it follows, by summing (5.3.16) over k = j,..., N, for
some sufficiently large N (larger than max{max T}, max7T5}), that

/ XT2 dP = / XTl dP, VA e ?Tl , (5317)

B;n{T1>j} B;n{Th>j}

which is exactly (5.3.15) since T1 < T implies
Bn{hh>j}=An{Ti=jin{i>j} =An{Thi=j}=B;.

To show (5.3.16), first write

/ Xde:/ Xkdp-l-/ X, dP .
BN {Ty>k} B;N{Ty=Fk} BN {Ty>k+1}

Obviously, the first term equals

/ X, dP = / Xr, dP.
B;n{To=Fk} B;n{To=Fk}

For the second, first use the fact that (X, Fi)r>1 is a martingale:

/ XpdP = / E[Xp1|Fr) dP .
B;n{T»>k+1} B;n{T»>k+1}

Now note that B; € F; and {15 > k+1} = {1» < k}° € F,. Therefore,
B;N{Ty >k + 1} € J. This yields

B;n{Tx>k+1} B;in{T>>k+1}

We have thus proved (5.3.16). To show (5.3.13) let N > sup,, Ti(w)
and compute

N

-y / Xy dP = E[Xy] = E[X)].

j=1 {Tw=j}
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where we have used two times the fact that (X,,),>1 is a martingale.
[l

5.4. The Doob-Kolmogorov Inequality and L?-martingales

In this section we prove the Doob-Kolmogorov Inequality, which will
give convergence of L?-martingales. (In the following section, the Upc-
rossing Inequality will imply convergence of L!-martingales.)

THEOREM 5.4.1 (Doob-Kolmogorov Inequality). Let (S, F,)n>1 be a
martingale, A > 0. Then for alln > 1,

E[S;)]

P(max |55 2 4) < =5

(5.4.1)

PROOF. The proof is analogous to what was done to obtain (2.4.9)
Define Ay := Q, Ay = {|5;| < \,j =1,...,k}. Let By := A1 N
{|Sk| > A} be the event in which |S;| passes over A for the first time.
We have A, U By U---U B, = (). Therefore,

E[S)>> [ SwP.
k=1 " Bk

Writing, for each k, S2 = (S, — Sk)? + 25k(S,, — Sk) + S7, we have

S2dpP > 2 / (S, — Sp)SkdP + | SZdP

By By, By,

For the first term, since B € JFy,

/ (S, — Sp)SpdP = / E[(Sy — Si)Sk|FldP

By,

— / SLE[S, — Sy|FildP = 0
By,

since E[S, — Sig|Fr] = 0 by the martingale property. Then observe
that on By, |Sk| > A and so the second term equals

/ SZAP > N*P(By).
By,

Therefore, E[SZ] > X*Y")_| P(By) = AP(max<p<, |Sk| > A). O

The Doob-Kolmogorov suggests that some control on the convergence
of S,, might be obtained by imposing that £[S?] be bounded uniformly
in n.
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5.4.1. Convergence of L?>-Martingales. In this section we study
martingales which have the property of being L*-bounded, i.e. sup,, E[|S,|?] <
oo. For these, convergence follows from the Doob-Kolmogorov Inequ-
ality. First,

LEMMA 5.4.1. A martingale (X,,)n>0 is bounded in L? if and only if

> E[(Xik — X)) < 0. (5.4.2)
k>1

PROOF. First, write X,, = Xo + > ,_;(Xx — X;_1) and expand:

X7 =X04+2) Xo(Xp=Xp)+2 > (X=X (Xp—Xpm)+ > (Xp—Xj1)?

k=1 1<i<k<n k=1

Now, by the martingale property, all the mixed terms vanish:
E[Xo( Xk — Xp1)] = E[XoE[(Xy — Xix_1)|Fr1]] = 0.
In the same way, E[(X; — X;-1)(Xp — Xiz—1)] = 0. O

THEOREM 5.4.2. Let (S,, F,)n>1 be a martingale bounded in L*. Then
there exists a random variable S such that

S, — S almost surely and in L*. (5.4.3)

PROOF. Observe that S,(w) converges if and only if w € A, where
A=V (ISmes = Sml <17}
I>1m>1j>1
We show that P(A®) = 0 or, which is equivalent, that lim,, .., P(A;(m)) =
0 for all [ > 1, where
= | {1915 — Sl > &},
Jj=1
and ¢ := [~!. Observe that for a given m > 1, P(A;(m)) = lim,, P( max;<j<, |Yi| 3

el), where Y; 1= Sy, — Sp. It is easy to see that (Yj)z>1 is a martin-
gale: for all B € Fp,

/Yk+1dP:/ED/k+1‘3rm+k]dP
B B
- / St Foo i dP / B[Sl Fosi]dP

/ SpmindP — / SpmdP = / Y;.dP.
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We can thus apply the Doob-Kolmogorov Inequality to Yj:

EY? E _ 5 EIS?. |- ElS?
P( max |Yk‘ > El) < [ 2n] — [(Sm+n2 Sm) ] _ [Sm—i-n] - [Sm]

Y

(5.4.4)
where we used again the martingale property of S,,:
E[Spin) = ESp] + El(Smtn — Sin)?] + 2E[Su(Smin — Sm)]
E[S2]+ E[(Smin — Sn)?] + 2E[SnE[Sman — Sm|Fn]]
— B[S2] + El(Sn — Su)’).

This also shows that the sequence E[S?] is non-decreasing in n. Since
it is at the same time bounded in n, define M := lim,, F[S?]. Taking
n — oo in (5.4.4), we get

M — E[S})]

P(Ai(m)) < R

€1
and therefore lim,, P(A;(m)) = 0, which shows that S := lim, S,
exists almost surely. To show that the convergence is also in L?, use
Fatou:
E[(S-5,)?] < liminf E[(S,1m—S,)%] = liminf E[S2, 1-E[S2] = M—E|[S?],

m—00 m—00

which goes to zero when n — 0. (]

As a corollary, we have a convergence result for random series.

THEOREM 5.4.3. Let X1, Xo, ... be a sequence of independent random
variables with E[X;] = 0 and var Xy, < oo forallk > 1. If >, varXj, <
0o, then >, X} converges a.s.

PRrROOF. We consider the natural filtration associated to (Xj), and
let M, := X1+ -+ X,,. Since E[X] =0, (M,) is a martingale. We
also have that E[(My — My_1)*] = E[X?] = varX}. If Y, varX}, < oo,
then (M,) is bounded in L? by Lemma 5.4.1 and by Theorem 5.4.2,
lim,, M,, exists almost surely. L]

As an example, consider the random harmonic series ) >, where the
¢, = £1 independently with probability % Setting X,, := “ we have

varX, = -, and therefore > < converges almost surely.
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5.4.2. Application to Markov Chains. As another application
of Theorem 5.4.2, let (X, ),>0 be a Markov chain with state space
S an transition matrix (). Assume that the chain is irreducible and
recurrrent. It can be shown (Exercise 5.7) that if v : S — R is
harmonic , i.e. Q¢ = 1, then (¢(X,,))n>0 is a martingale. If we assume
moreover that ¢ is bounded, then (1(X,,)),>0 is bounded in L?, and
by the previous theorem, lim, ¥ (X,,) exists almost surely. Since the
chain is recurrent, P(X,, = z i.0.) = 1 for all x € S. But, since {X,, =
z} C {Y(X,) = ¢¥(x)}, this means that P(¢¥(X,) = ¥(z) i.0.) = 1.
Therefore, we must have

lim ¥(X,) =v¢(x) Vrels,

n—oo

which is possible only if ¢ is constant. We have thus shown:

THEOREM 5.4.4. Let (X,,)n>0 be a Markov chain with state space S
an transition matriz Q). If the chain is irreducible and recurrent, then
the only bounded harmonic functions ¢ : S — R are the constants.

5.5. Upcrossings and L!'-boundedness

We now take a closer look at the oscillations of the sequence X (w), Xo(w), . ..
for a fixed w € Q, where (X,,) is a (sub)martingale.

DEFINITION 5.5.1. Let (z,),>1 be a sequence of real numbers, a < b
two real numbers. We say that (x,),>1 upcrosses |a,b] at least k times
if there exist 2k integers 1 < np <nj <ng < nh < --- < ny < ny. such
that x,; < a, z,, =2 b forall j=1,... k. If (Tn)n>1 crosses |a,b] at
least one time, the number of upcrossings of (x,),>1 across |a,b], K, is
the largest integer k such that (x,),>1 upcrosses [a,b] at least k times.
If this largest k doesn’t exist, we set K := 400 and we say that (x,,)n>1
oscillates endlessly across [a, b].

Observe that liminf, z,, < limsup, x, if and only if there exist two
numbers a < b such that (z,),>1 oscillates endlessly across [a, b]. The-
refore, (x,,),>1 converges if and only if its number of upcrossings across
any interval [a, b] is finite.

THEOREM 5.5.1 (Upcrossing Inequality). Let (X, F,,)n>1 be a submar-
tingale. Let a < b two real numbers, and for each w € 1, let Uy p(w)
denote the number of upcrossings of the sequence (X, (w))n>1 across
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la,b]. Then

E[U, ) < sup (X —a)7] :

n>1 b—a

(5.5.1)

PrOOF. Obviously, the number of upcrossings of (X,,),>1 across
[a, b], is equal to the number of upcrossings of (Y},),>1 across [0, 1],
where

(Xp —a)”
b—a
By Lemma 5.2.1, (Y,,),>1 is a submartingale. We define a sequence of
stopping times T} < T} < Ty < T3 < ... as follows (see Figure 1):
Ty :=inf{n>1:Y, =0},
T :=inf{n > Ty : Y, > 1},

Y, =

and, for k > 2,
T, :=inf{n>T,,:Y, =0}
T, :=inf{n>T, : Y, >1}

We call each interval [T}, T,"] an upcrossing interval. Since the number

Xn

\ N
| VAl AN
S W

T T Ty T Ty s
FIGURE 1. The construction of the stopping times 7}, T}

of upcrossings of (Y},),>1 can be infinite, we take N large and consider
U CE’]Z), the number of upcrossing intervals of the sequence (Y},),>1 across

[0, 1] entirely contained in [1, N]. To express Ué? using (Y},),>1, we
introduce for each n > 1 a variable C,, which determines whether n

belongs to an upcrossing interval:

)1 ifne (T, T,] for some k,
"7 10 otherwise.
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Observe that the sequence C), is predictable since

{C, =1} = U{Tk_ <n}{T;" >n} = U{Tk_ < n—1}{T;} <n—-1}°.

k>1 E>1

They key is to observe that one can bound U (EJZ) by (set Yy :=0)

N
Ug) < Z Cr(Ye — Y1) .

k=1
The fact that there is an inequality comes from the fact that we might
be considering ks at the end of the interval [1, N| for which C} = 1
but for which the last upcrossing inside [1, N] hasn’t been completed.
Now this last sum is exactly the Nth term of the transform of (Y;,) by
(C), considered at time V:

N
Z Ck(Yk — Yk—l) = (C : Y)N .

k=1
The Let én .= 1 — (), which is also predictable. By Lemma 5.2.2.
(C'-Y), is a submartingale, which implies
E[(C-Y)x] > E[(C-Y)] =0,
since C7 = 0. Therefore,
E[U,,'] < B(C-Y)x] = E[Yi] - E[Yy] = E[(C-Y)x] < E[Yx].

We thus have
EUY)] < E[Yy] < sup E[Y,].

n>1

Since U CE]Z) is increasing in NV and U,y = limy U, é’?, Monotone Con-

vergence gives (5.5.1). O

The Upcrossing Inequality suggests that convergence of a (sub)martingale
(X,)n>1 might hold under some uniformity assumptions on the expecta-
tions of | X,,|.

A sequence (X),),>1 is bounded in L1 if
sup E[| X,|] < co. (5.5.2)

n>1
Observe that if (X,,),>1 is a submartingale then
ElXa]] = E[X, + X, ] = 2E[X,] - E[X,] < 2B[X,] - E[X4],
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and therefore it is L'-bounded if and only if sup, E[X,] < oo. For
an arbitrary filtration (&,),>1, let F be the o-algebra generated by

(F)usts 6. Foo = o (U, Fn).

THEOREM 5.5.2. Let (X,,)n>1 be a submartingale, bounded in L'. Then
there exists Xo € L', Fo-measurable, such that

X, — X, as. (5.5.3)

ProOF. Consider the set M of ws for which (X, (w)),>1 converge.
That is,

M¢:={w e Q:liminf X, (w) < limsup X, (w)}

n—oo

= U {weQ:Up(w) =+o0}.
a,beQ
a<b
Since (X,,),>1 is L'-bounded, we have
E[(X,—a)" ElX, — ElX,
wp EIC =)' (X —d) o B
n>1 b—a n>1 b—a b—a .>1 b—a

By the Upcrossing Inequality, this gives E[U, ;] < oo and therefore U,
is finite almost everywhere, i.e. P(U,; = +00) = 0 and so P(M*¢) = 0.
Then, define

Xo(w) lim, o Xp(w) ifweM,
co\W) =
0 if we M¢.

Clearly, X is Fo-measurable. Using Fatou’s Lemma and L!-boundedness,
E[|Xx|] = E[lim | X,|] <liminf B[] X,|] < oo,
which shows that X, € L*™. ]

COROLLARY 5.5.1. Let (X,,),>1 be a non-negative supermartingale.
Then there exists Xo € L', Fo-measurable, such that

X, — Xoo  as. (5.5.4)

PROOF. Y, := —X,, is a submartingale. Since E[|Y,|] = F[X,] <
E[X1] < o0, it is bounded in L! and so the previous theorem applies.
O

If S,, denotes the simple symmetric random walk, then S,, is a mar-
tingale but it doesn’t converge, since it visits any site of Z an infinite
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number of times. Of course, S,, is not bounded in L.

Now if this same random walk starts at x = 1, Let T denote the
time of first visit at the origin. Then X,, := S,ir is a non-negative
martingale (Lemma 5.3.3). Therefore, almost surely, X, := lim,, S,
exists (by Corollary 5.5.1) and equals to 0 since the symmetric simple
walk is recurrent. But E[X,]| = F[Xo] = 1, which is different from
FE[X+] = 0. This shows that the a.s. convergence in (5.5.4) may not
be in L'. We will encounter a similar phenomenon in Section 5.6.1.

5.6. Uniformly Integrable Martingales

As we just saw, some stonger hypothesis seems necessary in order to
obtain convergence in L'. This is desirable for various reasons that
will become clear in the following sections.

DEFINITION 5.6.1. A sequence (X,,)n>1 is uniformly integrable (Ul) if
lim sup/ | X, | dP = 0. (5.6.1)
K—=00n>1 J|X,|>K

If (X,)n>1 is UL, then for K large enough,

sup/ | X,|dP <1,
[ Xn|2K

n>1

and therefore

B[ X,|] = / |X,,| dP +/ X,|dP < K +1< 0.
| X0 | <K | Xn|>K

This shows that uniform integrability implies L'-boundedness. The
converse can be wrong, as will be seen in Exercise 5.21. Nevertheless,
we have

LEMMA 5.6.1. Let (X,,)n>1 be Lt-bounded. Then (X,),>1 is Ul if and
only if for all € > 0 there exists 6 > 0 such that P(A) < 0 implies
fA | X |dP <€ for allmn > 1.

PRrROOF. Assume first that the sequence is UI and take some € > 0.

Let K be such that
sup/ | X |dP <
nzl JI1X,|>K

DO |
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Take § := 5%. If P(A) <4, then for any n > 1,

/\Xn|dP :/ \Xn|dP+/ X,|dP < e.
A AN{| X, |>K} AN{| X, |<K}

Going the other way, fix € > 0. Let § > 0 be such that P(A) < §
implies [, |X,|dP < e forall n > 1. If M :=sup,»; E[|X,]], let K be
large enough so that MK ~! < §. Then, by Chebychev’s Inequality,
P(|X,| > K) <. Therefore with A = {|X,,| > K}, f|Xn|>K | X, |dP <
¢, and so (X,,)p>1 is UL B l

LEMMA 5.6.2. Let (X,)n>1, Xn € L be a sequence converging in pro-
bability: X, = X. If (Xo)ns1 4s UL then X, 2 X.

PROOF. We show that (X,,),>1 is Cauchy in L'. Decompose E[|X,,—
Xl as

/ X, X, |dP+ / X, X, |dP+ / X, X, |dP
{1 Xn—Xm|<e} {e<|Xn—Xm|<K} {[Xn—Xm[>K}

The first integral is bounded by €, the second by K P(|X,, — X,,| > €).
But since {|X,, — X,,,| > e} C {|X,, — X| > €¢/2} U{|X — X,,,| > €¢/2},

and since X, — X, we have limsup,, , P(| X, — X;u| > €) = 0. To
study the third integral, let § > 0 be as in Lemma 5.6.1 (remember

that UI implies L'-boundedness). Then, take m,n large enough so
that P(|X,, — Xin| > K) < §. We have with A = {|X,, — X,,,| > K},

/ |Xn—Xm\dP§/\Xn\dP+/ X, [dP < 2.
(X=X |> K} A A

Therefore, lim sup,, ,, E[| X, — Xp|] < 3e. O

We can now extend the almost everywhere convergence of Theorem
5.5.2 to convergence in L' for Ul martingales.

THEOREM 5.6.1. Let (X,,)n>1 be a Ul submartingale. Then there exists
X € L', F-measurable, such that

X, — X as. andin L. (5.6.2)
Moreover, if (X,)n>1 18 a martingale, then X, = E[X|F,].

PROOF. Since (X,,) is Ul it is bounded in L', so Theorem 5.5.2 gu-
arantees the almost everywhere convergence of X,, — X. Since this
implies convergence in probability, Lemma 5.6.2 implies convergence
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in L'. To show that X,, = E[X,|F,] if X, is a martingale, we must
show that

/XndP:/XoodP VAeF,.
A A

But, since X,, — X in L', we have, for all A € F,,,

‘/XOOdP—/deP‘ g/\xm—xm\dpg/mo—xmup—m
A A A

when m — oo. Therefore, using the martingale property,

/XOOdP_hm X,,dP = /XdP 0
A

m—0o0
We can now state a representation result for Ul martingales.

PROPOSITION 5.6.1. A martingale is closed if and only if it is UL

PRrROOF. Let X € L', and (F,),>1 be an arbitrary filtration, such
that X,, := F[X|F,]. We have |X,,| < E[|X||F,], which implies

/\Xn|dP§/E[\X|\?n]dP:/ X|dP VAeF,. (5.6.3)
A A A

With A = Q, this gives F[|X,|] < E[|X|], and so by Chebychev,
EllX.)) _ EIX]

K - K
LEMMA 5.6.3. Let X € L'. Given any € > 0, there exists § > 0 such
that if A € F is such that P(A) <4, then [,|X|dP <.

P(|X,] 2 K) <

PROOF. Assume the result is false: there exists some ¢y > 0 and a
sequence of events A, such that P(A,) <27" and [, |X|dP > ¢ for
all n. Take A := limsup,, A,,. By Borel-Cantelli, P(A) = 0. By Fatou,

/ | X |dP = / | X |dP — lim inf |X\dP > €,

n—oo

which is impossible. ]

Fix e > 0. Let 6 > 0 be as in the lemma. Take K large enough such
that E[|X|] < K¢. Then P(|X,| > K) < ¢, and using (5.6.3) with
A= {|X,| = KV,

/ X,|dP < / X|dP < e.
| Xn[>K | Xn|>K
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This shows that X, is UL On the other hand, if X, is UI, then we know
from Theorem 5.6.1 that there exists X, € L! such that X,, — X
(a.s. and in L), and that X,, = F[X,|F.]. O

5.6.1. Application to the branching process. Consider the
branching process (X,) of Example 5.1.5. The basic properties of
extinction and survival were obtained in Exercise 2.11 using moment
generating functions. Here we derive the same properties using only
martingale theory. As usual, we assume that the number of offsprings
Yj(n) satisfies py = P(Yj(n) =0) >0, F [Yj(n)] = A > 0. Moreover, we
will assume that

2 (n)

o =varY;"’ >0.

Let X, denote the size of the population of the nth generation (X, =
1). As we already saw, Z, := A\7"X,, is a martingale. Since it is non-
negative, it converges by Corollary 5.5.1: there exists Z,, € L' such
that

Ly — Loy Q.S.

We consider separately the cases A < 1, A =1 and A > 1.

Case A < 1: In this case, A™" " 400, so in order for Z, to converge
to a finite value, and since X, takes values in {0,1,2,...}, the only
possibility is that X,, = 0 for large n, which means almost sure extinc-
tion of the population.

Case A = 1: In this case, X, is a non-negative martingale. In par-
ticular, F[X,] = E[Xo = 1, and again X := lim, X,, exists a.s. by
Corollary 5.5.1. Since X, is integer-valued, there must almost surely
exist some integer K > 0 such that X,, = K for n sufficiently large.
For each K > 0,

P(X, = K for large enough n) < Z P(X,=KV¥n>N).
N

We will show that K is necessarily equal to zero, by showing that if
K > 1, then P(X,, = KVn > N) = 0 for all N. We have, by the
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Markov Property,

P(X,=KVn>N)=lim P(X,=KVne{N,...,N+L})

L—o
N+L-1
= lim P(Xy = K) HV P(Xu = K|X, = K)
N+L
<limsup [ [ P(Xp1 = K|X, = K).
L—oo neN

But

which is > 0. Namely, K > 1, and if 1 — py — p1 = 0 were true, then
necessarily A = p; < 1. Therefore, P(X,, = KVn > N) = 0 when
K > 1, and so the only possibility is X = K = 0: the process dies out
in a finite time. Observe that in particular, F[X]| = 0, and therefore
E[X,] does not converge to E[X]: this gives another case where the
convergence X,, — X of Theorem 5.5.2 does not necessarily take place
in L.

Case A > 1: We show that P(Z,, > 0) > 0. To do so, we will show
that Z, is uniformly integrable, which implies convergence in L' by
Theorem 5.6.1, and so

E[Z.] = lim E[Z,) = 1.

n—oo

This implies P(Z« > 0) > 0. To check uniform integrability, we show
that Z, is bounded in L? (see Exercise 5.21).

(Zy — Zp_1)* = XX, — AX,1)?
anl

_ - { S - A)}Q

j=1
Xn—l

_ )\Qn{ Z(Y;’(m . )\)2 4+ 92 Z (Y;(n) — ) (Y;_(”) Y

J=1 I<i<j<Xn-1
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Now, by independence and since E [Yj(n)] = A,

- E[ S B[ - - )\)|5—’n_1]} ~0.

I<i<j<Xn-1

Therefore, since F [(Y.(m — A\)?] = var Yj(n) =02,

J

Xno1
E[(Zn . anl)Q] — )\anE Z(}/J(ﬂ) . )\)2}
=
- anl
L o
= )\72nE[0'2Xn_1]

— O'2>\_2nE[>\n_12nf1] — 0_2)\—71—1

By Lemma 5.4.1, this shows that Z,, is bounded in L?, which in turn
implies that it is also uniformly integrable. Therefore, the event {7, >
0} has positive probability, and on it we have, for large enough n,
X, =\"Z, > %A" /" 400 exponentially fast. It can be verified by
the reader that Z., > 0 on the whole non-extinction set.

5.6.2. Application to measure theory. The convergence theo-
rems for martingales allow to give a probabilistic proof of the Radon-
Nikodym Theorem. For ease of presentation, we will prove this famous
result of measure theory in the particular case where the o-algebra is
countably generated. The minor modifications needed to cover the
general case can be found in [Wil91].

THEOREM 5.6.2. Let (2, F, P) be a probability space in which F is
countably generated, i.e. there exists a countable family of sets A, € F
such that F = o(A,,n > 1). Let Q be a finite measure on (2, F)

which s absolutely continuous with respect to P. Then there exists
X € LYQ,F,P), X >0, called the Radon-Nikodym derivative of @
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with respect to P, such that

Q(B):/BXdP, VBed. (5.6.4)

PROOF. The countability assumption allows to consider the filtra-
tion F, := o(A4y,...,A,). We denote the atoms of F,, by {C, 1,...,Cp, }-
Consider the random variable X, : €2 — R defined as follows: if
w € O, then

Q(Chnj) -
Xp(w) = P(Cp.;) if P(Cp;) >0,
0 if P(C,;)=0.

Let n >m and A € &,,,. Then

_ _ (n)y _
/AXndP_ > /cw X,dP = ) Q") =Q(A).

j:C](.")cA J j:CJ(.”)cA
b et P(E )0

This last equality follows from the absolute continuity of ¢) with res-
pect to P. We have thus shown that

Q(A) = /AXndP VA € 7. (5.6.5)

In particular, since X, is constant on the atoms of F, 1, (X,),>1 is a
martingale with respect to (5,,),>1 (and to the measure P). We show
that (X,),>1 is uniformly integrable. Fix some ¢ > 0. There exists
0 > 0 such that if A € F is such that P(A) < 6, then Q(A) < e.
(The existence of this § can be shown exactly as in Lemma 5.6.3.
Namely, assume the claim is wrong. Then there exists some ¢y > 0
and a sequence D, such that P(D,) < 27" and Q(D,) > ¢. Let
D :=limsup,, D,,. Then P(D) = 0 by Borel-Cantelli, but by Fatou

Q(D) = /DdQ = /limsup 1p,dQ >1—liminf Q(D;) > €,

n—00 n—0oo

a contradiction with the absolute continuity of () with respect to P.)
Let K be large enough such that Q(2) < §K. By Chebychev and
(5.6.5) with A = Q,

P(X, > K) < :Q?)as.
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Therefore, using (5.6.5) with A = {X,, > K},

/ X,dP = Q(X, > K) < ¢
X, >K

which shows that X, is uniformly integrable. By Theorem 5.6.1, there
exists X € L' such that X,, — X in L'. In particular, for all A € JF,,,

/XdP— lim XdP QA).

n—oo

Therefore, the measures () and Q = X P coincide on the algebra
U,>1 - Since this algebra generates F, we have @) = Q. This proves
the theorem. O

We considered in Example 5.1.4 the case where Q2 = [0,1), with the
dyadic filtration

1

3"71::0([Z ,i):i:1,2,...,2n>.
2n S 2n

Clearly the Borel o-field B([0, 1)) is generated by |J, &, and the pre-

vious theorem applies.

5.6.3. Lévy’s Upward Convergence Theorem. We are now
ready to state the main convergence result promised at the beginning
of our study of martingales, for closed martingales. Nevertheless, we
formulate it without using martingales’ terminology:.

THEOREM 5.6.3 (Lévy’s Upward Theorem). Let X € L' on a pro-
bability space (2, F, P). Let (F,)n>1 be a filtration, Foo = o(J, Fn).
Then

E[X|F,] — E[X|Fx] a.s. andin L'. (5.6.6)
Proo¥F. By Proposition 5.6.1, F[X|F,] is uniformly integrable. By
Theorem 5.6.1, it converges to some X, € L, and E[X|F,| = E[X|F,].
We need to show that X, = F[X|F,], that is
/XoodP:/XdP, VA€ o . (5.6.7)

First, assume X > 0 and define two measures on (£, F):

:/XoodP, y( /XdP
A
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Let A € &,. Then,

/XdP:/E[X\S"n] dP:/E[XOO\S"n] dP:/XOOdP.
A A A A

Therefore, © and v agree on the algebra J, &,. By Carathéodory’s
Extension Theorem, they also agree on F,, which shows (5.6.7). In
the general case, simply decompose X = X — X . ]

As an application of the Upward Theorem, we prove the 0-1 Law of
Theorem 3.2.1, Section 3:

Kolmogorov's 0-1 Law. If (X,,),>1 is i.i.d., and if

Too =) 0(Xn, X, - .)
n>1

denotes its tail-o-field, then any A € T, is trivial: P(A) € {0, 1}.

PROOF. Consider the natural filtration F, associated to (X,,)n>1.
Take A € T, and set X := 14. Since X is JT,-measurable, it is
independent of F, for all n, and so F[X|F,] = E[X] = P(A). Since
X € L' we get by the Upward Theorem,

P(A) = E[X|F,] — E[X|F.] = X as.

since X is Ty-measurable and since To, C F. Therefore P(A) =
14 € {0,1}. 0

5.6.4. Lévy’ Backward Convergence Theorem. In a similar
way, one can show a version of Lévy’ Theorem but for decreasing
sequence of o-algebras.

THEOREM 5.6.4 (Lévy’s Backward Theorem). Let X € L' on a pro-
bability space (0, F, P). Let (T,)n>1 be decreasing sequence of sub-o-
algebras: T1 D Ty D .... Define Too = (), Tn. Then

E[X|T,] — E[X|Tx] a.s. andin L. (5.6.8)

PrRoOOF. Think backwards: for all large integer N > 1, define, for
k = 0,1,..., N, F. .= Tn_p. Then F;. C Srk+1. Define 7, := E[Xlgjk]
Clearly, (Zg, F1)Y_, is a martingale. For each N, let U (EJZ) denote the

number of upcrossings of the sequence Zy, Z1, ..., Zn ACTOSS [a,b]. By
the Upcrossing Inequality,

EUY)) < El(Zy — a)*] < E[|Zn]] + a < B[|IX[] + a < o0.
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This shows that Z := lim,, F[X|7T,] exists almost surely. Exactly as we
did in Proposition 5.6.1, we can show that E[X|T,] is UL. Therefore,
E[X|T,] — Z alsoin L' by Lemma 5.6.2. To verify that Z = E[X|T],
take any A € Ty. Then A € T, since T, C T, for all n > 1, and so

/ ZdP = lim | E[X|T,]dP = lim | XdP ~ / XdP.
A

n—oo A n—oo

This finishes the proof.

As an application of the Backward Theorem, we prove the (pas comp-
ris... VOIR LEGALL FIMZINHO)

Strong Law of Large Numbers: let X1, Xo,... be an i.i.d. sequence such
that X, € L', S, := X, +---+ X,,. Then

Shn

— — FE[Xq] a.s.

n

PROOF. Define T,, := 0(Sy, Sn+1,--- ), Too :=1(),, Tn. We have

S S RS

= B2 T, == E X7, = E|X1|T,.].
[ZHTa] =~ D BIX(Ta) = B[X4[T,)

By the Backward Theorem, Z = lim,, % exists almost surely and in
L'. Observe that since,

X+ + X, o Xt Xk
Z = lim = lim ,
n—oo n n—0o0 mn

Z is Tp-measurable for all k. In particular, it is T,-measurable. By
Theorem 3.2.2, Z is therefore almost surely constant: P(Z = ¢) = 1.
To compute c,

Sn
¢c=E[Z] = lim E[—"] = E[X4].
n—00 n
5.7. Doob Decomposition (EMPTY)
5.8. Martingales and Markov Chains

In this section we see interesting applications of martingale techniques
to the qualitative study of Markov chains, as we already encountered
in Section 5.4.2. We follow Varadhan [Var00].
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Generally speaking, there are various ways of associating martingales
to a stochastic process. Let (X,,),>1 be a sequence of random variab-
les and let (F,),>1 denote its natural filtration. Let f : R — R be
arbitrary but measurable and bounded. For all £ > 0, define

hie(Xo, - - -, Xi) i= Eu[ f(Xp1)[Fi) — F(Xi) -

Let Ay = f(Xkt1) — f(Xg) — hip(Xo, . .., Xj) which, by the definition
of hy, satisfies F,[Ag|Fi] = 0. Let

—_

n—1
Zni=> Dp=f(Xp) = f(Xo) =Y he(Xo,....Xp),  (58.1)
0 k=0

3

i

then E,[Z,11 — Z,|F,] = E.[An]F,] = 0, and so Z,, is a martingale.
In fact, Z, is nothing but the martingale obtained by the Doob de-
composition of f(X,) (see previous section).

Consider now the case where X, is a Markov chain with state space
S and transition matrix (). For simplicity, assume that the chain is
irreducible. Remind that if f is a bounded function on S,

= Qlz,y)f(y)

yes
Then, on {X,, = z} we get
Eu[f(Xo)|F] = > FW)Pe(Xusr = y|F)
yes
= fW)Q(zy) = Qf(X.), (5.82)
yes
and so hk(Xo, ce ,Xk> = hk(Xk) = h(Xk>, where
h:=Qf —f. (5.8.3)

The associated martingale thus takes the form

-1

Zn = f(Xa) = fF(Xo) = D h(Xy). (5.8.4)
k=0

3

Another way to associate martingales to a Markov chain is to consider
functions f with special properties. A function f is called harmonic if
Qf = f, superharmonic if Qf < f, and subharmonic if Qf > f. The
following lemma follows directly from (5.8.2):
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LEMMA 5.8.1. Let (X,,)n>0 be an irreducible Markov chain on S with
transition matriz Q. Let f: S — R be such that E.[|f(X,)|] < oo for
alln > 0. Then

harmonic a martingale
f is < superharmonic <= (f(X,))n>0 98 { a supermartingale.

subharmonic a submartingale

5.8.1. The Discrete Dirichlet Problem. Let S be countable, ()
be a transition matrix on S. Let A C S be a non-empty set. Consider

the following problem, called Dirichlet problem: find a bounded function
f S — R, such that

Qf—f=0o0nA",
f=1onA.

A solution to this problem can be given using ideas from Markov chains
and martingales. Let X,, the Markov chain on .S with transition matrix
Q). Define the first visit time at A: T :=inf{n > 0: X, € A}. For all
x €S, let

qu(:U) = Px(TA < OO) .
Clearly, o4 =1 on A. If x € A, write

$a(r) =Y Pp(Ty < 00, X1 =1y)
yes

If y e Athen {X; =y} C{T4 < oo} and
Po(Ta <00, X1 =y) = Pe(Xy =y) = Q(z,y) = Qz,y)daly) .
If y € A°, we use the Markov Property at time n = 1:
Px(TA < OO,X1 = y) = Ex[l{Xlzy} : 1{TA<oo} o 0]
= Ee[lix,—1 Ex, [y <oc]
= Py(X1 = y)Py(Ta < o0) = Q(z,y)da(y) .

This shows that ¢4 = Q¢4 on A°. Therefore, ¢4 is a solution for the
Dirichlet problem. The following result shows that any other solution
dominates ¢4, which is useful in practical situations.

LEMMA 5.8.2. If f 1s a solution of the Dirichlet Problem, then f > ¢4.
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PROOF. Let f be a solution of the Dirichlet Problem. Define F' :=
f A1. We show that F' is superharmonic. Clearly, ' =1 on A. Then,
if v € A,

= Q. y)F(y) <> Q) fly) = Qf(x) = f(z).

yes yes

Since we always have QF(z) = > s Q(z,y)F(y) < ., s Qz,y) =
1, this shows that QF < F. Consider the supermartingale F'(X,,).
Since F' < 1, the Optional Stopping Theorem implies that for any
bounded stopping time 7',

B, [F(Xy)] < E[F(Xy)] = F(x).

Since T4 might not be bounded, we consider first its truncated versions
T4 N\ N, for large N > 1. Remembering that T4 A N is also a stopping
time (Lemma 5.3.1),

flx) = F(z) > Ex[F(Xpan)] -
We then take the limit N — oo in the previous expression:

f(x) > limsup/F(XTAAN)de > lim sup/ F(XpaN)dP; .
{TA<OO}

N—o00 N—o0

Now observe that on {T4 < oo}, TAANN — T4 and so F(Xp,An) — 1.
Since F' is bounded, Bounded Convergence gives

o) > /{ o PP = PA(Ty < 0) = 64(2). O

The upper bound ¢4(x) < f(x) of Theorem 5.8.1 could be useful if
one knew something about the way in which f behaves when x — oo.
As an application, consider the simple symmetric random walk on
S = Zd, d>3. Let 0 < a < d— 2 and consider the function

—a i
by [l 20,
1 ifxz=0.

We claim that @ is superharmonic far from the origin: if ||z is large,
then

Qd(zr) < P(x). (5.8.7)

Namely, let e, ..., eq denote the unit vectors of Z? and write

1< 1 o
Qe( _dZ::{HereZHO‘ H:I:—eZHO‘}: 2dzgl =1
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where T =

1 1
[+ tedl 17— terlle

9i(7, 1) =

We clearly have g;(Z,0) = 2, and it can be verified by direct compu-
tation that

0

82
(‘3th 513' t ‘t 0

o2t
Together with 0 < o < d — 2, these bounds imply that

d
1 ~
—E gi(z,t) <1
2dj:1

when |¢| is small enough, which shows (5.8.7).

=0, (Z,t)|,_y = —20(1 = T} ( + 2)) .

Now take some large integer L > 1, consider the Euclidian sphere

= {z € 7% : ||z|| < L}, and run the random walk S, starting
from a point « € B¢. Until hitting By, ®(5,,) is a supermartingale.
Consider the first hitting time of By: Ty :=inf{n >0: S5, € B.}. By
the Optional Stopping Theorem,

EL[@(Stan)] < E[®(50)] = ()

for all N > 1. But since

E.[® (St an)] > / &(Sr,)dP, > P.(Ty < N) inf ®(y).
T, <N yeBL,

Since inf,ecp, ®(y) > 0, this gives the following upper bound, uniformly
in NV:

P(x)
P(T, < N) < -
( . ) lnnyBL (D(y)
which becomes, as N — oo,
D(x)

Px(TL < OO) <

lnfyGBL P (y) .

Since ®(x) — 0 when ||z|| — oo, this shows in particular that P, (T <
o0) < 1 when ||z|| is large enough: the walk is transient in dimension
d> 3.
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Consider now the Modified Dirichlet problem: if g : A — R, is bounded,
find a bounded function f:S — R, such that

Qf—f=0onA", (5.8.8)
f=gonA. 5.8.9

THEOREM 5.8.1. Assume ¢4 = 1, i.e. T4 < 0o P,-almost surely for
all v € S. Then for any g : A — R, the solution of the modified
Dirichlet problem (if any) is unique, and given by

f*(x) — E.Z’[g(XTA)] . (5810)

ProOF. We study the function z — FE,[g(X7,)], under the assump-
tion that P,(T4 < oo) =1 for all x € S, and show that E,[¢g(Xr,)] =
f(x) for any solution f of the modified problem. First, if x € A then
T4y =0 and so E.[g(X71,)] = E.[9(X0)] = g(x) = f(x) since f = g on
A. We need thus only consider from now on the case x € A°. Consider
the martingale defined in (5.8.1):

-1
Zn=f(Xy) — f(Xo)+ Y h(Xy), n>1.
k=0
By the Stopping Theorem, E,[Z1, n] = E.[Z1], but

By 2h] = Eu|f(X1)—f(Xo)+h(Xo)] = Qf (x)—f(x)+h(x) = 2h(zx) = 0
since h = Qf — f = 0 on A°. Now, since h(Xy) = 0 for all k < T}y,
Zran = [(Xran) — f(Xo). Then, observe that on {T4 < oo} we
have f(Xp,an) — f(X7,) = g(X7p,). But since we are assuming that
P,(T4 < 00) =1, Bounded Convergence gives

3

lim B, [f (Xpv)] = lim f(Xran)dP, = E.[g(XT,)]

N—=00 JiT,<o0}

Since F.[f(Xo)] = f(z), we have proved that E [¢(Xr,)] = f(x). O

5.8.2. Application: recurrence of birth and death chains.
Consider the birth and death chain (X,,),>¢ with state space S =
{0,1,2,...} and transition matrix

Qr,x+1)=p;, Qx,x—1)=¢q,, Q(x,x) =1,

with p, + ¢, + v, = 1 and ¢p := 0. We will assume that 0 < p, < 1,
0 < g, < 1, so that the chain is irreducible.
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We look for a recurrence criterium in function of the triples {(q., 7+, ¢z) }2>0-
First, we look for a harmonic function ¢ : S — R, which will allow to

use the martingale p(X,). Set ¢(0) := 0, ¢(1) := 1. In order to have
Qv(z) = ¢(x) for each = € {1,2,...}, we must have

pep(x+1) +rop(x) + gup(r — 1) = p(z) .
Using the fact that r, = 1 — p, — q,, this can be written

ol +1) — p(x) = ]%@o(a:) — oz —1)).

T

Since (1) — p(0) = 1, we get

r—1
qrqk—1 - - - 4241
Tr) = ,
gp( ) kz:% PkPk—1 - - - P2P1

where the fraction is defined to be 1 when k& = 0.

The harmonic function ¢, although it is not necessarily bounded,
allows to compute hitting probabilities. For example, fix two inte-
gers 0 < a < b < o0, and consider the probability that the chain
starting at x, a < x < b, hits a before b, i.e. P.(T, < T,) where
T, :=inf{n >0: X, =y}

LEMMA 5.8.3.
p(b) — p(z)
p(b) — p(a)
ProoOF. With ¢ at hand, this is a direct application of Theorem
5.8.1, with A = {a,b}. We first show that P,(T4 < co) = 1. Namely,
at any time n > 1, the chain has a probability of reaching (say) b
bounded below by sza +1Py- Then P.(T4 < oo) = 1 follows by
Lemma 5.3.4.
We modify ¢ in such a way that it satisfies the modified Dirichlet
problem with g on {a, b} defined by g(a) := 1, g(b) := 0. Since Qp = ¢
on (a,b), the same will hold with a + Bp. As can be seen easily, a
p(b)—p(x)

p(b)—¢(a)
g on {a,b}; ¢ solves the modified Dirichlet problem. Since we saw in

Theorem 5.8.1 that the solution to this problem is unique, one must
have ¢(z) = E,[g(X7,)]. But

EL[g(X7)] = Po(X7 = a)g(a)+Po(X7 = b)g(b) = Po(Xr = a) = Po(T, < T)).
O

Py(T, < Tp) = (5.8.11)

coincides with

proper choice of o and 3 shows that p(z) =
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Observe that one could have obtained (5.8.11) by simply applying the
Optional Stopping Theorem to the martingale ¢(X,), as we did in
Section 5.3.2: E,[o(X7)] = E:[p(Xo)] = ¢(x), but

Eplp(Xn,)] = Pe(Xr = a)p(a) + Po (X7 = b)p(b) .

Nevertheless, the method we used applies in more general situations,
where A contains more than two points.

Let us consider the particular case a = 0, b = L. Since ¢(0) = 0,
(5.8.11) gives

()

p(L)

Observe that T, > L —x P,-a.s., and so we have the following charac-
terization of recurrence for the origin:

Px(T() < TL> =1-—

THEOREM 5.8.2. Define p(c0) 1= limy ., ¢(L), possibly infinite. Then

. pl)
Po(Ty < o) =1 o) (5.8.12)

We apply this result in a particular case in Exercise 5.26.

5.8.3. Application: Exit Times for Random Walk. Let R >
0, and Ir := [—-R,+R]. We consider the simple symmetric random
walk started at some x € I and study the time it takes to exit Iy:
Tp:=inf{n >0:5, & Ir}.

Of course, we start looking for a useful martingale. Let &, denote the
natural filtration associated to .S,,. Observe that since

1 1
Elcos(ASy+1)|F,] = 3 cos(A(S, + 1)) + 3 cos(A(S, — 1)) = cos(A) cos(AS,,)
the sequence
_cos(ASy)
~ (cosA)"
is a martingale. We assume that 0 < cosA < 1. By Lemma 5.3.4,
Tg is P,-almost surely finite, but since Z,, is unbounded, we use the
Stopping Theorem for the bounded stopping time T A N:
E. | Zr.aN] = E.[Z0] = cos(Ax) .
If we choose A < 3%, then cos(Ar) > cos(AR) for all x € I and so
cos(ASTAN) - cos(AR)
(cos \)TrAN = (cos \) TN

ZTunN =
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By defining o := — log(cos A) > 0, we can therefore write

AT)
Ex O'TR/\N < COS( )
& I= cos(AR)
Since T'p is finite, we can take the limit N — oo and obtain
cos(Az)
Ex O’TR < )
S cos(AR)

One can then estimate the distribution of the exit time by using Che-
bychev:

AT)
P.(Tr > K) = P, (™7 oK\ < oK cos( |
( R > ) (6 > e ) <e COS(}\R)

=, and considering the associated op,

Taking for example A = A\g = /5,

we have

P(Tp > K) < V2e 77K
As can be easily verified, this gives E,[Tg] < cR? for some ¢ > 0. RE-
FAIRE LA MEME CHOSE AVEC I'IDENTITE DE WALD, (VOIR
GRIMMET PAGE 494)

5.9. Exercises
Generalities.

EXERCISE 5.1. Durrett p.229 Let (X,,, F,,),>1 be a martingale. If §,, C
F, for all n > 1, show that (X, G,),>1 is a martingale.

EXERCISE 5.2. Let (S),),>1 denote the simple random walk on {0, 1,2, ...
with a reflecting barrier at the origin: P(S,+1 = 1|5, = 0) = 1. De-
termine, in function of p, whether (.S,,),>1 is sub-/super-martingale.

EXERCISE 5.3. [GS05] p. 338. Let X7, X, ... beii.d. with zero mean
and finite variance, satisfying E[X,.1|X1,...,X,] = aX, + bX,,_1
where 0 < a,b < 1 and a +b = 1. Find a value of o for which
Z, = aX, + X,_1 defines a martingale.

EXERCISE 5.4. Consider an increasing sequence of finite countable
measurable partitions of €2: By C By C .... Let F,, be the o-algebra
generated by B,. Let @ be a probability measure on (€2, F). Define

- Q(B)
X, = Z P(B)lB'

BeB,:
P(B)>0




5.9. EXERCISES 137

Show that (X, F,),>1 is a supermartingale, and that if () is abso-
lutely continuous with respect to P, @ < P, then (X,,,%,),>1 is a
martingale.

EXERCISE 5.5. [RS85] p. 140. Consider the simple random walk S,
with parameter p € [0, 1]. Consider the the convex function ¢(z) = |z|.

(1) If p = 3, then S, is a martingale and ¢(S,) a submartingale.
(2) If p > 3, then S, is a submartingale. What about ¢(S,)?

EXERCISE 5.6. [GS05] p. 334. Let (X,,),>0 be the Branching process
with parameter A > 0 (see Example 4.1.8). Is (X,) a martingale?

Show that W), := % and V,, := A\*» are martingales.

EXERCISE 5.7. [GS05] p. 335. Let (X,,),>0 be a Markov Chain with
state space S and transition matrix ). Call b : S — R harmonic if
Qv = 1. Show that if ¢ is harmonic, then (¢ (X,,)),>0 is a martingale.

EXERCISE 5.8. Consider the martingale X,, of Exercise 5.1.4. Show
that if u < A, then X, is closed: X,, = E\(f|F,), where f is the
Radon-Nikodym density of p with respect to A.

Stopping Times, Optional Stopping.
EXERCISE 5.9. If T € L', then P(T < c0) = 1.

EXERCISE 5.10. (1) If T is a stopping time and if £ > 1 is any
integer then T A k is a stopping time.
(2) If T1, T are two stopping times, then T + Ty, Ty ATy, Ty V T
are stopping times.
(3) Fr C F is a sub-o-algebra called the stopped o-field generated
by T,
(4) T is Fp-measurable,
(5) If 77 <15, then 37T1 C SFTQ.
(6) X1 is Fr-measurable.
EXERCISE 5.11. Consider the random walk on Z. For I C Z, show
that 7 :=inf{n > 1: S, € I} is a stopping time with respect to the
natural filtration. Why is 7" :=sup{n > 1: S, € I} not a stopping
time?

EXERCISE 5.12. Show Wald’s Identity. Show that if 7" is not integra-
ble, or if it is not integrable, then the result is wrong.

EXERCISE 5.13. If S,, denotes the simple random walk on 7Z, then
N,=S5,—(p—q)n and M, = (%)S" are martingales.
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EXERCISE 5.14. [RS85] p. 141. Consider an independent sequence
D,, P(D, = 4") = 1— P(D,, = —4") = 1. Set Sy := 0, S, :=
Di+---+D,.
(1) Show that X, is a martingale.
(2) Let T := {n > 0 : S, < 0}. Show that 7" has geometric
distribution P(T = n) = 27", so that T' € L.
(3) Show that E[|Xr|] = +o00. Is there a contradiction with the
Optional Stopping Theorem?

EXERCISE 5.15. ABRACADABRA

Convergence.

EXERCISE 5.16. Show that the Doob-Kolmogorov Inequality implies
the Kolmogorov Inequality: If X;, X5, ... is a sequence of independent
random variables, S, := X7 + ... X, then

1 n
P(lrgl?gxn 1Sk > A) < " kzlvarxk. (5.9.1)
EXERCISE 5.17. Durrett p. 234 Give an example of a martingale X,
with X,, — —oo. Hint: take X,, = Y1 +--- + Y, with E[Y;] = 0 (the
Yis not being identically distributed).

EXERCISE 5.18. Durrett p. 235 Let Y3,Y5,... be ii.d. with Y; > 0,
P(Y,=1) < 1.
(1) Show that X, := Y1Y5---Y, is a martingale.
(2) Use Theorem 5.5.2 and a contradiction argument to show that
X, — 0 a.s.
(3) Use the Strong Law of Large Numbers to show that + log X,, —
—c <0 a.s.

EXERCISE 5.19. Durrett p. 235 Let (X,,) and (Y;,) be adapted to (F,).
Assume

and ) Y, < 0o a.s. Prove that X,, converges a.s. to a finite limit by
finding a closely related supermartingale to which Theorem 5.5.2 can
be applied.

EXERCISE 5.20. Durrett p. 237 Let (X,,) and (Y},) be positive, in L!,
adapted to (F,). Assume

E[XnJrl‘gjn] < Xn + Yn )
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and Y Y, < oo a.s. Prove that X, converges a.s. to a finite limit.
Hint: let T := inf{k > 1: Zle Y; > M} and stop your supermartin-
gale at time T

EXERCISE 5.21. Uniform integrability. Show the following affirmations.

(1) Constant sequences are Ul

(2) If X,, is uniformly integrable, then it is bounded in L!. Show
that the contrary is false (Hint: consider Xy, := nlj; 1).

(3) If X,, is LP-bounded for p > 1, then it is uniformly integrable.

(4) If X,, is such that there exists Y > 0, Y € L' such that
| X,| <Y, then X, is uniformly integrable.

CHERCHER DES CONTRE-EXEMPLES.

EXERCISE 5.22. Prove the Uprcrossing Inequality without introducing
the predictable sequence C,,, by writing

N
Ué,b) < Z YT]-’L/\N - YTj_/\N :

Jj=1

EXERCISE 5.23. Le Gall, série d’exercises (avec corrigé). Soit X1, Xo, ...
une suite de v.a. indépendantes, telles que X € L% Soit M, =
X1+ -4+ X,. On note F, la filtration canonique associée a M,,.

(1) Montrer que M,, est une martingale si et seulement si E[X}] = 0
pour tout k. Dans la suite on suppose que cette condition est
toujours satisfaite.

(2) Soit o}, := E[X?]?, s, := 07 + - - - + 02. Montrer que M? — s,
est une martingale.

(3) En supposant que s := Y, 07 < 0o, montrer que M, converge
p.s. et dans L?, et que pour tout a > 0,

P(Sl;.bp |M,| > a) < %.
(4) Dans la suite, on suppose que les variables X ont méme distri-
bution, sont a valeurs dans {1,0,—1,—2,...}, et que P(X; =
1) > 0. Soit A > 0 et ¥(\) = log E[e*]. Montrer que
exp(AM,, —nip(A)) est une martingale. Cette martingale est-elle
fermée?
(5) Soit b > 1 et Ty, := inf{n > 0 : M, = b}. En considérant la
martingale positive b — M, ,7,, montrer que 7, < oo presque
strement.
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(6) Montrer que pour tout A > 0,

Elexp(=¢(AN)Th)] = exp(—Ab) .

En déduire la valeur de Elexp(—aT})] pour tout o > 0, en
particulier dans le cas ou P(X; = 1) = P(X; = —1) = 1.

EXERCISE 5.24. Durrett p.271 Consider the assymetric random walk
onZ: Sy:=0,8,=Y1+---+Y,, where P(Y, = +1) = p, P(Y}, =

—1)=1-p=gq, withp #q.
(1) Assume 0 < p < 1, define p(x) := (%)x. Show that ¢(S,,) is
a martingale.

(2) Let T, :==inf{n > 1: S, =2}, a < 0 < b. Show that
P(T, <Ty) =

Hint: define T" := T, A'T},. Show that 7" is almost surely finite
and apply the Optional Stopping Theorem.

(3) Assume 3 < p < 1. If a < 0, show that P(T, < 0o) = (%)M,
if b > 0 show that P(T, < co) = 1.

4) Assume & < p < 1. If b > 0, show that E[T}] = =—. Hint:
2 2p—1

consider the martingale Z,, := S,, — (p — ¢)n.

Compare these results with Exercise 2.9.
EXERCISE 5.25. Voir Williams. Polya’s urn model.

EXERCISE 5.26. Birth and Death chains, Durrett p. 292. Consider
the markov chain (.S,),>0 with state space {0,1,2,...} and transition
matrix

Qr,z+1)=p,, Qlz,z—1) =¢q,, Qz,x) =1,

with p, + ¢, + 7, = 1 and ¢o := 0. Let T :=inf{n > 0: 5, = 0}. We
study P,(T < o0) in the following situations.

(1) Assume p, =p, r, =0, g, = q=1—p. Let x > 1. Show that

=1 if p <
P$<T<°O){: (52)" it p >

DO N[

p
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2) Assume p, = 2 4+ €, rp, =0, ¢z = = — €,, where ¢, — 0 as
p 2 2
€; ~ Px~“ Show that
( recurrent if a > 1,
transient if o < 1,

The chain is < . )
recurrent if « =1 and § < 7,

. . 1
| transient if « = 1 and 8 > 7.

EXERCISE 5.27. [Chu01] p 371. voir aussi Grimmett p. 504. Like-
lihood ratios. Let (X,,)n>1, (Ya)n>1 be sequences of random variables
with respective N-dimensional distributions py and qy. Define

S g V)
! pn(Xb SR 7Xn)

if the denominator is positive, zero otherwise. Show that (Z,),>1 is a
supermartingale that converges a.e.

EXERCISE 5.28. Dacunha Castelle Ex. XI1.13 p.199., Ex. XI1.16 p.203.
Martingales and Markov Chains. Let (X,,),>0 be a Markov chain with
transition matrix ().

(1) Show that if f and g are superharmonic, then f A g is super-
harmonic.

(2) If f is (super)harmonic, show that (f(X,,)),>0is a (super)martingale
with respect to the natural filtration and to P, for any initial
distribution pu.

(3) If the chain is irreducible recurrent, show that all superharmo-
nic functions are constant.

(4) Assume the chain is transient. Consider the potential

Ulz,y) = Q"(z,y).
n>0

For a function f : S — R, we call potential of f the function
Uf:S — R defined by

Uf(z):=> Ulx,y)f(y).

yes

Show that if f is superharmonic, then f = lim, 00 QU f exists
and defines a harmonic function. Show that for any superhar-
monic function f there exists a decomposition f = h + Uy,
where A is harmonic. Show that this decomposition is unique.
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(5) Let A C S and let T4 the first visit of the chain at A. Show
that pa(x) := P,(T4 < o0) is superharmonic. Interpret the
decomposition of ¢4 = h + Ug.

EXERCISE 5.29. Let (X,,),>0 be a submartingale adapted to a filtration
(Fr)n>0. Define Ay := 0, and

An_;’_l = An + E[Xn_;’_l - anﬁtn] .

(1) Show that (A,),>0 is almost surely increasing, that it is pre-
dictable, and that M, := X,, — A,, is a martingale. Show that

these properties and Ay = 0 characterize A, (up to almost
everywhere equivalence). The decomposition
X,=M,+ A,

is called the Doob Decomposition of X,.

(2) Let @ > 0 and let T, := inf{n > 0 : A,+1}. Show that T, is a
stopping time, and that E[X, 7] < a.

(3) Show that X,, converges almost surely to a finite limit on the
set {T, = +oo}. Conclude that if Ay := lim, A,, then X,
converges to a finite limit, almost surely on the set { A, < 0o}.

(4) Assume E[sup,>; | X,+1 — X,|] < oo. Show that the following
three conditions are almost surely equivalent:

(a) X, converges to a finite limit

(b) X, is bounded

(c) As < 00.

Hint: introduce the stopping time 7, := inf{n > 0: X,, > a}.

EXERCISE 5.30. Durrett p. 235 Let X,, = >
Compute the Doob decomposition of X,,.

1p, , where B, € J,,.

m<n

EXERCISE 5.31. Bovier. Let X,, be a Markov chain with transition
matrix () on a countable space S. Let f: S — R be bounded. Show
that that the Doob decomposition of the process f(X,,) is given by
f(X,) = M, + A,, where

i
L

o~
|

where h :=Qf — f.

EXERCISE 5.32. Bovier. Let S be a countable set, () a transition
matrix on S. Let X, be an S-valued process adapted to a filtration
F,. Show that X,, is a Markov chain with transition matrix @ if and
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only if for all bounded function f : S — R, the process defined in
(5.9.2) is a martingale.






CHAPTER 6
Stationary and Ergodic Processes

Let (2, F, P) denote an arbitrary probability space. In this chapter we
consider discrete time stochastic processes (X,,),>0 with the property
that the law of (X,,),>0 is the same as that of (X, x),>0. In other
words, these sequences are such that the randomness is the same at
any place the sequence is looked at.

6.1. Definition and Examples

DEFINITION 6.1.1. A stochastic process (X,)n>0 is stationary if and
only if for allm > 0 and all k > 1, (X,,..., Xyk) has the same
distribution as (X, ..., Xz). That is, for any Borel set B € B(RF),

P((Xp, ..., Xner) € B) = P(Xy, ..., X3) € B). (6.1.1)

In the case where X,, takes values in a finite or countable alphabet S,
stationarity means that for all n > 0 and all £ > 1,

P(X, =ag,..., Xntr = ar) = P(Xo=ag,..., Xy =ap), (6.1.2)

for all ag,...,ar € S. Assume (6.1.1) holds for n = 1 and all k£ > 1.
Then for all B € B(R"),

P((Xs,...,Xo.4) € B)

P((X1, Xa, ..., X241) € R x B)
P((Xo, X1, ..., X141) € R x B)
P((X1,...,X141) € B)
= P((Xo,...,Xz) € B).

To verify stationarity, it therefore suffices to test (6.1.1) for n = 1. Let
us consider a few examples.

EXAMPLE 6.1.1. In the case where the variables X, are independent
and identically distributed, we get

P(Xy € Bo, ., Xnsn € By) = P(X, € By) ... P(Xyx € By)
:P(XoeBo>P(Xk€Bk>
:P(X()GBo,...,XkGBk>,

which implies that the sequence is stationary.

145
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EXAMPLE 6.1.2. Let the sequence (X,,),>0 form a Markov chain taking
values in a countable set S, with transition matrix ). Let assume
that there exists an invariant distribution 7, 7() = m, and that X, has
distribution 7. Let ag,...,a; € S. By Lemma 4.1.1,

P(Xlzao,...,X1+k=CLk)=ZP(onbo,XlZao,...,X1+k=CLk)
boeS

= Z 7(bo)Q(bo, ap)Q(ag, a1) . .. Q(ar—1, ax)

= 1Q(a0)Q(ag, a1) ... Q(ar—1, az)
— ﬂ'(ao)Q(ao, CL1) .. -Q(akfla ak)
EP(XOZQO,...,XkZQk),

which shows that (X,,),>0 is stationary. Observe that if 7 isn’t inva-
riant, this might not hold.

EXAMPLE 6.1.3. Let T : Q — Q be a measurable (i.e. T7'A € F for
all A € F) transformation which preserves P, i.e. such that
P(T'A)=P(A) VAcT.

Let Y : 2 — R be a random variable. For all n € N, define X, :=
Y oT", where TV is the identity, and 7" := T o T"~'. We verify that
(X,)n>0 is stationary:

P(Xy,...,X14) €B)=P((YoT,...,Y oT"") € B)
= P(T7YY,...,.Y oT") € B)
= P((Y, YoTk’) € B)

:P((XO,...,Xk) € B),

where we used invariance of P in the third equality.

This last example shows that stationary sequences can be constructed
from a measure preserving map 7' : 2 — ) and from an arbitrary
random variable Y. We will now show that this example is actually the
only one, since any stationary sequence (X, )n,>0 can be considered as
constructed on a probability space (', F', P'), such that X,, =Y oT"",
where Y is a random wvariable on € and T" : Q' — Q' is a map
preserving P'. Namely, let 2’ be the product ' := RY, equipped with
the o-algebra B(RY) (see Chapter 3). Consider for each n > 1 the
measure ji,, on (R", B(R"™)) defined on rectangles By x---x B,, € B(R")
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by

Mn(Bl X oo XBn) Z:P(X1 GBl,...,XHEBn).
By Kolmogorov’ s Extension Theorem 3.1.2, there exists a unique P’
on (', 3F) having p, as marginals. Define 7" to be the shift

T(wy,wy,wh, . ..) = (wy,wh, ... ).

By the stationarity of (X,) under P, P’ is invariant under 7”. Let
Y (W' :=wi, X, :=Y oT". This proves the claim.

Using the above representation, the study of a stationary sequence
Xl(w/), XQ((,(}/), ce (613)

can therefore always be reduced to the study of the values taken by a
fixed random variable Y along the trajectory of a point w’' € Q' under
iteration of the map 7"

W, T T, ... (6.1.4)

This slightly changes the point of view of a random experiment: in
(6.1.3), the variables X, are realized simultaneously as functions of the
random experiment w, but in (6.1.4) &’ is to be considered as a ran-
dom initial condition, and the sequence of observations is deterministic,
along the trajectory of w'.

One of the objects of interest, in the statistical properties of the
sequence X, is the sequence of empirical means
X1+ 4+ X,

Y

n

which, when expressed in the above representation, take the form of a
Birkhoff Sum:

1 n—1
> YoT". (6.1.5)
n k=0

It turns out that when Y is integrable and when 71" preserves P, this
last sum converges for P-almost all w, as will be seen in the Ergodic
Theorem in the next section.

Since the underlying invariance structure of stationary sequences can
be nicely understood by considering them as trajectories of a discrete
dynamical system; we will now describe the general setting of measu-
rable dynamics.
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Let (2, F) be a measurable space. In this section, we denote a generic
probability measure on (§2, F) by u. Consider a map T : 2 — €2, which
we assume to be measurable, i.e. such that T-'A € F for all A € 7.

DEFINITION 6.1.2. A measure p on (€2, F) is called invariant (underT)

if
wW(TPA) = w(A), forall AcT. (6.1.6)

Observe that if T' is invertible, the previous definition is equivalent to
p(TA)=p(A), forallAedF. (6.1.7)

The purpose of Ergodic Theory is the study of the existence and pro-
perties of measures invariant under a given 7. We obtain a discrete
time dynamical system by considering the iterations of T', i.e. by
constructing the orbit of a point w € Q: w, Tw,T?w, ... Therefore, we
call the triple (2, F,T') a measurable discrete dynamical system.

EXAMPLE 6.1.4. Let 2 = [0, 1) with the Borel g-algebra B([0,1)) and
the Lebesgue measure, denoted \. If we define the translation modulo
1,7:[0,1) - [0,1) by Tz :=x +1 mod 1, then A is invariant.

EXAMPLE 6.1.5. Let A be a finite set. Shift spaces with alphabet A are
obtained by considering either of the product spaces 2 = AN (the one-
sided shift) or 2 = AZ (the two-sided shift), which we write generically
as ) = AT. The o-algebras on these sets are defined in the usual way.
A (thin) cylinder is a subset of 2 of the form

CA(al, . .,a|A|) = {w eEN:w,=a;, Vi € A}, (618)

where A is a finite subset of T, and ay,...,ax € A. Thin cylinders
generate an algebra € on () called the algebra of cylinders, and a o-
algebra F = ¢(C). The shift is the map 7 : 2 — Q, where

(Tw)l = Wi, VieT. (619)

Observe that when T = Z, the shift is invertible. The simplest example
of a measure p on (§2, F) which is invariant under the shift is that of a
product measure: ;1 = p*, where p is any probability distribution on
A. To verify that this measure is invariant under the shift, it suffices
to observe that

,u(Tfch(CLh cee CL|A|>> = /L(CA(al, cee CL|A|>>

for all cylinder. This implies (see Exercise 6.3) that p is invariant,
and the resulting dyanmical system is called a Bernoulli shift. Another
example of invariant measure is provided by a Markov shift, which we
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already enountered in the introduction. Let ) be a stochastic matrix
on A. Assume there exists an invariant distribution v on A, such that
v(Q) = v. For any thin cylinder C}; ,(ay,. .., a,), define

(e, an)) = vla) [ Qe ). (6.1.10)

Then again by Kolmogorov’s Extension Theorem, p extends uniquely
to a measure on AT, which is invariant under the shift 7.

Assume that we have a shift space with T = N, and a measure y in-
variant under the shift. For each n € N, consider the random variable
X, (w) := w,. By defining the distribution

P(Xi=ay,...,X, =a,) = pu(Cpplas, ... a,))

we see, together with what was said in the previous section, that const-
ructing an invariant measure on a shift space is equivalent to the const-
ruction of a stationary stochastic process (when both have the same
finite alphabet).

Throughout the chapter, we denote the measurable space by (£, F),
and the dynamic 7T is considered as fixed. Therefore, invariant objects

will always be defined with respect to 7. The random variables on
(Q,F) will be denoted f or g rather than X or Y.

LEMMA 6.1.1. Let u be invariant under T. Then, for all f € L*(p),
we have the Change of Variable Formula:

/fdu: /fonu. (6.1.11)
PROOF. If f = 14, the indicator of an event A € F, we have
[ fin=na) = uir1a) = [ foTan.

For f € L'(u), use a standard approximation procedure. O

6.2. The Ergodic Theorem

A central question about the orbits of a dynamical system is the fol-
lowing: with what frequence (if any) does the orbit of a point w € )



150 6. STATIONARY AND ERGODIC PROCESSES

visit a given measurable set A € F?7 That is, how does the ratio

1 1
H0<k<n—1:TF Al =2 1 4(TF
Ho<k<n CEAN =D LA

behave for large n? This average is a particular case of (6.1.5) with
Y = 14. Observe that in general the variables (14 o Tk)k;zl have no
reason of being independent, and so the large-n behaviour of these ave-
rages cannot be studied using a simple Law of Large Numbers. But
as we will see, when an invariant measure u exists, the Ergodic Theo-
rem of Birkhoff will imply that these frequencies exist when n — o0,
for p-almost-all initial condition w. This theorem actually holds not
only for indicator functions but for any integrable function f. Before
stating the Ergodic Theorem, we take a look at uniformly distributed
sequences, which give an idea of the kind of results we are heading to.

6.2.1. A Parenthesis: Uniformly Distributed Sequences.
Uniformly distributed sequences are kind of ideal trajectories for the
evolution of a dynamical system, in the sense that they visit the whole
phase space in a very regular way. Later, systems whose trajectories
behave in this way will be called ergodic. We describe these sequences
following the first chapter of the books of Kuipers and Niederreiter
[KHT74| and Rauzy [Rau76].

Consider a sequence 1, o, ..., with x,, € [0,1]. For I C [0, 1], denote
by N;(n) the number of elements of the set {xi,...,x,} which are
contained in [.

DEFINITION 6.2.1. A sequence x,, € [0, 1], is uniformly distributed if

Ny
lim lab) (n)

n—00 n

forall0 <a<b<1.

—b—a, (6.2.1)

If one considers a sequence as the trajectory of a discrete dynamical
system, then uniform distribution means that the fraction of time the
trajectory spends in any interval is equal to the size of this interval.
Notice that (6.2.1) can be written as

1 n
3 H() — / Ly (2)de (6.2.2)
k=1
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(We always denote fol by [, and dz is Lebesgue measure.) This su-
ggests the following criterium.

THEOREM 6.2.1. A sequence x,, € [0, 1], is uniformly distributed if and
only if for all continuous f :[0,1] — R,

S fw) — [ @y (6.2.3)

The same holds if f : [0,1) — C is continuous and f(z+1 mod 1) =
/().

PROOF. Assume (z,,) is uniformly distributed, take f continuous
on [0,1]. Let € > 0. Approximate f by two step functions g; < f < go
such that [(g2 — g1)dz < e. Then

[ rote=c< [y = tim 25 o)

1 n
< lim inf — Z f(zr)
k=1

n—oo M

n—oo

1 n
< limsup > flan)
h=1

1 n
< limsup - Z go(zr)

:/gg(a:)da:S/f(x)dx—l—e.

Conversely, assume (6.2.3) holds for all continuous f. Consider some
interval [a,b). Fix € > 0. Then the indicator of [a,b) can be approxi-
mated by two continuous functions f; < 1,3 < f2 such that [(f2—
fi1)dzx < €, and we have

1 n
b—a—eg/fgdx—eg/ﬁdx: lim—E fi(zxg)
n—oo N
k=1

R R . 1
< hffi g)lf - Z Ligp) () < limsup — Z L) (k)

n
k=1 =0 k=1

1 n
< lim—ZfQ(xk):/fgdxg/fldereSb—aJre.
k=1

n—oo M,
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Since € is arbitrary, this shows that (x,) is uniformly distributed. O

The previous theorem allows, in principle, to verify if a sequence is
uniformly distributed. Nevertheless, the fact that one must test (6.2.3)
for all continuous functions makes the criterium rather difficult to use
in the practice. The following result shows that it is actually sufficient
to verify convergence for functions of the form fi,(x) = e2™** These

satisty [ frdx =0 for all k # 0.

THEOREM 6.2.2 (Weyl’s Criterium). A sequence x1, xo, .. ., where x, €
0, 1], is uniformly distributed if and only if for all integer 1 # 0,
1 o
D B (6.2.4)
"

PROOF. If (z,) is uniformly distributed then (6.2.4) follows from
Theorem 6.2.1. So suppose (6.2.4) holds for all integer [ # 0. Take
some continuous f : [0,1) — C satisfying f(z+1 mod 1) = f(z). Fix
e > 0. By Weierstrass’ Approximation Theorem, there exists a finite

linear combination of functions of the type > denoted ¢(z), such
that supg<,<; |f(z) — ¢(x)| < e. Observe that [ ¢dz = 0.

| [ iz - %Xijfm)\ <| [ s@ie - [otwrad]

+] /gb(:c)dx— %idm)] + ]%icb(xk) - %if<wk)!~

The first and last term are < ¢, and the second goes to zero because
of (6.2.4). O

We will use Weyl’s Criterium to study the following simple problem.
Let c € St = {2 € C: |z| = 1}. Define z, := ¢". Is 21, 29, . . . uniformly
distributed on S'? Observe that ¢ = e*™®, where a € [0,1]. One can
thus write 2, = > = ™% where x,, = an — |an] € [0,1]. Now,

we show

LEMMA 6.2.1. If « s wrrational, then x, is uniformly distributed.
PrROOF. We use Weyl’s Criterium.

BN Qﬁil{ak}’ ‘ BN 2milak 1
— > e =|—> e
3 D3

‘627rila(n+1) -1

n 627m'la —1
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which tends to zero when n — oo for all integer [ since ™ — 1 is

never zero, whatever the value of [, by the irrationality of a. [l

The sequence z, above is obtained by considering the orbit of 1 under
multiplication by ¢ = e?™®, which is a rotation of angle o on the
unit circle. In general, many sequences of interest are obtained in
this way, i.e. by iterating a map: x,,1 = Tx,, which is exactly the
situation we are interested in. The difference is that we consider orbits
on a general measurable space (€2, F). The analog of uniformity will
be defined in terms of an invariant measure with respect to 7" (for
sequences in [0, 1], this is Lebesgue measure A\(a,b) = b — a), and the
Ergodic Theorem will be the ingredient giving conditions under which
uniformity is guaranteed.

6.2.2. The Ergodic Theorem of Birkhoff. We go back to the
study of the general study of measures invariant under a measurable
map 1. Call a set A € F strictly invariant if 7-'A = A. The collection
of strictly invariant sets forms a o-algebra which we denote by J. One
of the consequences of the following theorem is a construction of the
conditional expectation with respect to J.

THEOREM 6.2.3 (Birkhoff’s Ergodic Theorem). Let p be invariant un-
der T. For any f € L'(u), the limit

n—1

ﬂwy:1m11§:quﬂ@0 (6.2.6)

n—oo M,

k=0
exists for p-almost all w € Q and satisfies the following properties:

(1) fe LY(p), and is p-almost-invariant: foT = f p-almost
surely.

(2) The convergence in (6.2.6) holds also in L'(u).
(3) For each strictly invariant A € F,

/f@:/f@. (6.2.7)
A A
In particular, ]/”\ is a version of E[f|9], and [ fA’d,u = [ fdu.

The proof relies on the following result, usually called Maximal Ergodic
Theorem:
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PROPOSITION 6.2.1. Let p be invariant under T. Let f € L'(n) and
define, for each A € R, the event

Ny = Na(f) = {wEst }: dﬂ()>A} (6.2.8)

n>1 M

Then the following holds:
fdu > Au(Ny) . (6.2.9)
Ny

Moreover, if A is such that T'A = A, then

/ fdu> A (AN N,y). (6.2.10)
ANN,

The inequality (6.2.9) can be understood by assuming f > 0; then,
(6.2.9) yields

p(N) < S, (6:211)

which is a useful concentration property the set of initial conditions
w for which the empirical averages 1 >}~ ( foT*)(w) take large values
(along the orbit of w) has small probab1hty.

PrRoOOF. To obtain (6.2.10), we use (6.2.9) with A = 0 and i =
(f —n)14. As can be seen verified easily, T-'A = A implies No(f) =
N,(f) N A, which gives

0< /]VO(f>fdu = [ pde— ).

n(f)NA

This shows (6.2.10). To obtain (6.2.9), it suffices to show that

/f@>0 (6.2.12)

where
E=E[f] = weQ: T (w) >0¢. 6.2.13
7] ={w iggz oTHw)> 0}, (6213)
Namely, by observing that E[f — A\] = N\(f), (6.2.9) follows imme-

diately by taking f — X in place of f in (6.2.12). To show (6.2.12), we
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express F as a limit of increasing events F,,. Set Syf(w) := 0 and, for
all k> 1,

k—1

Sifw) =) (foT’)(w).

j=0

Then, for all n > 0, set

M, f(w) := max Sif(w).

0<k<n
We clearly have M,,.1f > M, f > --- > 0 and so by defining
E,:={weQ: M,f(w) >0},

one has E, C E,1. Moreover, £, C E, which implies |, £, C E.
Inversely, if w € E then there exists some integer n such that S, f (w) >

0,ie we E, Thatis E C |, E,, i.e. E, / E. Therefore, if one
can show that

/ fdu=>0, (6.2.14)
E,

then Dominated Convergence yields (6.2.12). Now, since M, f > Si.f
for all 0 < k <n,

M, f(Tw) > Sif(Tw) = Sgi1f(w) — f(w) YO<Ek<n.
This last inequality can be rewritten
flw)+ M, f(Tw) > Sif(w) VI<k<n+1.
In particular,

fw)+ M, f(Tw) > max Sif(w).

1<k<n

Let us integrate this last expression over E,,:

/ fdu+/ MnfonMZ/ maxskfdu=/ M, f du.
E, E, E, 1<k=n E,

where in the last expression we used the fact that when w € F,,, then
Sif(w) > 0 for some 0 < k < n, which in turn, since Syf(w) = 0
by definition, implies that maxj<r<, Spf(w) = maxo<r<, Spf(w) =
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M, f(w). Therefore,

/fduz/ Mnfdu—/ Myf o Tdy
E, E, E,
:/Mnfd,u—/ M, foTdu
E,

E/Mnfdu—/MnfonMZO

In the first equality we used the fact that if w € ES then M, f(w) = 0.
In the inequality we used the fact that M, f > 0. Finally, we used the
invariance of p with respect to 7" and the Change of Variable Formula
of Lemma 6.1.1. This shows (6.2.14), and consequently, (6.2.9), which
finishes the proof of the proposition. ]

PrROOF OF THE ERGODIC THEOREM: We study the set of points
w €  at which the limit (6.2.6) doesn’t exist, i.e. at which fi(w) <
f*(w), where

felw) := limninf Apn(w), ff(w):=limsupA,(w),

are the empirical averages (or Birkhoff sums)

n—1
1
Anf = — g foTk,
n
k=0

As can be seen easily, these functions are invariant: f, o T = f,,
f*oT = f*. For two rationals o < (3, consider the invariant set

Ale, B) ={weQ: filw) <a< B < ff(w)}.

Consider the set Ng(f), defined as in (6.2.8). Since A(«, 5) C Ns(f),
we have, by the Maximal Ergodic Theorem,

Bu(Ala, 8)) = Bu(A(a, ) N Ns(f))

< / fdu = / fdu (6.2.15)
Np(f)NA(e,5) A(a,p)

Doing the same with the set N_,(—f) we get
—ap(Ala, 8)) = —ap(A(a, ) N N_o(—f))

< —/ fdu= —/ fdu  (6.2.16)
_a(—f)ﬂA(a,ﬁ) A(OK,B)
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Therefore,

Bu(Al.g) < [ fdu < an(Afa ).
A(,3)

which, since o < (3, is possible only if u(A(a,3)) = 0. Since this

holds for all rationals o < (3, this shows the first part of the Ergodic

Theorem, namely the almost sure convergence of the means defining ]?

n (6.2.6). At points w’ where the limit doesn’t exist, we set W) =

f«(w'). To see that f is integrable, we use Fatou’s Lemma and the
Change of Variable Formula:

n—1

J 171 < [timing =37 | o 7

k=0
< lim inf T d
ggggnZ/\fo i = [ 171

To see that ]?is almost surely invariant, write

L (@) — Ay f(Tw) = L)

n

Since f € L'(u), this tends to zero almost everywhere. Therefore,
foT exists and equals f almost everywhere. To verify that A,f — f
in L', ie. that [|[A,f — f|[i — 0, we proceed as follows:

J1F=ufldus [ AF=Aufidus [ 11+ 1A

where My = {w : sup,>q|A.f(w)| > A}, and A > 0 is a parame-
ter which will be choosen large later on. Since |A,f| < A on Mg,
Dominated Convergence gives

lim [ |f—A.f|du=0.

n—oo

Next, observe that M), C Nyx(|f|). And therefore, by the Maximal

Ergodic Theorem,
1
fldu< < [ |fldp
Nx(If1)

>/IH

p(My) < p(NA([f])) <
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which converges to zero when A — oo. As a consequence, [ M, m dp
converges to zero when A — oco. For the last term,

n—1
1
/ \Anf\dus—xf floT du.
M =0 /M

We decompose the integrals as follows:

[ostertans [ ijertan | floT dy.
M |fleT*>R M| f[eTk<R}

By the Change of Variable Formula (Exercise 6.1),

/ \f\odeuz/ fldn,
|floT*>R IfI>R

which is small when R is large. On the other hand,

/ |fl o T du < Ru(M,),
MN{|f|eTF<R}

which is small for large A, as seen before. Combined with the previous
bounds, this shows that A, f — f in L'. In particular, by the Change
of Variable Formula,

[ Fan=tim [Angdu=tim [gdu= [ran.  (G217)

To show (6.2.7), we take a strictly invariant A € F and apply the
first part of the theorem to the function f14 € LY(p). Since the strict

invariance of A gives f 1g = f 14, we have

/Afduz/fl\/xdu o217 /flAdu:/Afdu,

which finishes the proof of the Ergodic Theorem. L

6.3. Ergodicity

By the Ergodic Theorem, the averages %Zz;é (T*w) in (6.2.6) con-
verge almost surely to a limit which is, in general random, i.e. which is
has a non-trivial dependence on the initial condition w: w +— E[f|J](w)
is a random variable. One can wonder what kind of extra condition
can be imposed on u in order to the averages converge to some deter-
ministic limit, i.e. to a constant (almost surely) independent of w. The
simplest way in which a conditional expectation E[f|J] is guaranteed
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to be constant almost everywhere is when the measure satisfies a 0-1
Law on J.

LEMMA 6.3.1. Assume p is trivialon3, i.e. p(A) € {0,1} forall A € 7.
Then, for all f € LY(p),

E[f|3] = FE[f] p— as. (6.3.1)

ProOF. Consider first an indicator f =15, B € F. For any A € J,

!AuwMM=MBMUU=MBﬂAﬁiAuBMWL

This implies that E[lg| is a version of E[1p|J], i.e. that they are
equal almost everywhere. Let f be positive, bounded, and let f, be a

sequence of simple functions converging pointwise to f. Then for all
Ael,

[ Efdn = i [ Elp)au =t [ Elf 0= [ Elf)dn.

The general case now follows easily. [l

DEFINITION 6.3.1. A T-invariant measure i is called ergodic ! if it is
trivial on J, i.e. if u(A) =0 or 1 for each A €J,.

In the case where the invariant measure is ergodic, the Ergodic Theo-
rem thus says that temporal averages of observables are deterministic.
In mathematical terms:

THEOREM 6.3.1. Let p be tnvariant under T' and ergodic. For any

feL'(w),

n—1
%Z foTF — E[f] n-—as. (6.3.2)
k=0

As a concrete example, consider the indicator function f = 14. If p is

ergodic,
n—1

lzleoTk—wQL(A), [ —a.s.,

=0
which is a first precise information about the orbit of almost-all point
w: it spends a fraction of time in a measurable set A exactly equal
to the probability of A, u(A). It is important to notice that there

1Sometimes, an ergodic measure is also called undecomposable, since 2 cannot be decomposed into
N=AUAwith 0 < pu(4) <1, Ael.
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can sometimes exist different ergodic measures for the same transfor-
mation 7T, and this previous description of trajectories is different in
each case. In particular, the “almost sureness” of convergence for the
averages depends on the measure under consideration.

We will explore later the deep consequences of the Ergodic Theorem,
but before this we give a few ways in which ergodicity can be tested.

6.3.1. Testing Ergodicity.

THEOREM 6.3.2. Let pu be invariant under T'. The following are equi-
valent:

(1) p is ergodic.

(2) If A € F is almost surely invariant, i.e. p(AAT1A) =0, then
pn(A) € {0,1}.

(3) For all A,B € F with u(A) > 0, u(B) > 0, there exists an
integer n > 1 such that W(ANT"B) > 0.

PROOF. (1) implies (2): Assume u(AAT'A) = 0. This clearly
implies that u(AAT AN ... AT %A) = 0 for all k > 1. Define A, :=
limsup,, T~ "A. Then A, is strictly invariant, T-1A4, = A,, i.e. u(A,) €
{0, 1} since p is ergodic. Then,
n(AL) = lim pu( m T7"A) = lim p(T7" m T™™A)

n—00 n—00
m>n m>0

= u( ﬂ T-™A) = lim pu ﬁ T-™A) = p(A).

k—o00
m>0 m=0

This implies that u(A) € {0,1}.

(2) implies (3): assume (2) holds. Take A, B with pu(A) > 0, u(B) > 0
and assume that (3) is false, i.e. that y(ANT"B) =0 for all n > 1.
Then of course u(ANB') = 0, where B’ :=J,.;, T "B. Then T"'B’ C
B’, which implies u(B'AT'B') = w(B'\T~'B’) = 0, and so u(B') €
{0,1} by (2). But B’ > T~!'B, and so u(B") > u(T~'B) = u(B) > 0,
i.e. pu(B') = 1. Since pu(A) > 0, this contradicts pu(A N B') = 0.

(3) implies (1): assume (3) holds, but that y is not ergodic, that is that
there exists a strictly invariant B € JF such that 0 < p(B) < 1. Then
T"BNB =0 and u(T-"N B°) =0 for all n > 1, which contradicts
(3). O



6.3. ERGODICITY 161

THEOREM 6.3.3. Let p be invariant under T'. Then p is ergodic if and
only if

n—1

- ZM ANT"B) — w(A)u(B), forall A, Be%. (6.3.3)
k: 0

Actually, p is ergodic if and only if (6.3.3) holds for all A,B € C,
where C 1s any algebra which generates F.

PROOF. Assume p is ergodic. Take any pair of events A, B € F.
By the Ergodic Theorem,

n—1

1 ly-lgoTF=1 B — a.s.
nlj{)lonZA BO a-p(B)  p—as

Integrating on both sides with respect to ; and using Dominated Con-
vergence gives (6.3.3). Then, assume (6.3.3) holds for all A, B € &F. If

A is invariant, then

n—1

u(A) = p(AN A) Z MANTFA) — p(A)u(A),

and therefore pu(A) € {0,1}: p is ergodic. Now assume that (6.3.3)
holds for all A, B € G, where € is an algebra generating F. Take
E F € 3. Let e > 0. By the Approximation Lemma 3.2.2, there exists
A € C such that u(FAA) <e¢, and B € C such that u(FAB) <e. A
direct calculation gives, for all n > 1,

p((TT"ENF)A(T"ANB)) < W(EAA) + p(FAB) < 2.
This implies |u(T"ENF) — pw(T7"AN B)| < 2e. So

’% T ENF) = u(B)u(F)| < ‘Z[“ T"ENF) - p(T"AN B)]

Therefore
1 n—1 n—1
=S (T EOF) ~u(B)u(F)| < det|= 37 (T " ANB)~u(A)u(B)
k=0 k=0

which tends to zero when n — oo. This shows the theorem. U]
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The criterium for ergodicity given in (6.3.3) is sometimes called mixing.
We say that p is strongly mixing if

wW(ANT"B) — u(A)u(B) (6.3.4)

when n — oo for all A;B € F. By (6.3.3), strong mixing implies
ergodicity. This criterium will be used often in the practice.

6.4. Maps on the Interval; Borel’s Theorem on Normal
Numbers

6.5. Ergodic Sequences

As we saw at the beginning of the chapter, a stationary sequence
(X,)n>1 can always be considered as constructed on the product space
(RN, B(RY), 11) of sequences w = (wy,wo, ... ), by taking

Xp(w) =Y (TFw),

where Y (w) := w;. Remember that B(RY) is generated by the algebra
of cylinders C, and that the measure i is obtained by the marginals of
the sequence (X,),>1 and Kolmogorov’s Extension Theorem. Then,
(X,)n>1 is stationary if and only if p is invariant with respect to the

shift T: poT ! = p.

We say that the sequence (X,,),>0 is ergodic (resp. strongly mixing)
if p is ergodic (resp. strongly mixing) with respect to the shift 7.
The same definition holds when the variables take values in a finite
or countable set S, like Markov chains. We discuss two important
examples of such sequences.

6.5.1. IID Sequences and the Strong Law of Large Num-
bers. Assume (X,,),>1 is i.i.d., integrable and with distribution v.
This means that y is the product measure vN. Set Y := X;. By the
Ergodic Theorem,

X1 +---+ X,
n

— E[Y|I]  p-as. (6.5.1)

Let us show that p is strongly mixing. Take two cylinders A, B € C.
Then clearly, for large enough n, the cylinders A and T~ "B have
disjoint bases, and therefore become independent: u(ANT"B) =
pu(A)u(B) for large enough n. By Theorem 6.3.3, this implies that u
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is ergodic, and so (6.5.1) reads

Xi+---+ X,
n

— E[X1] peas., (6.5.2)

which is the Strong Law of Large Numbers.

6.5.2. Stationary Markov Chains. Let (X,,),>0 be a Markov
chain taking values in a countable set S, with transition matrix ).
Let 7 be a distribution on S which is invariant with respect to @), i.e.
) = w. If X, has distribution 7, then we saw in Example 6.1.2 that
the chain (X,,),>¢ is stationary. What extra condition should it satisfy
in order to be ergodic? strongly mixing?

Consider the canonical construction of the chain on the product space
S{0.L}  with the o-algebra generated by thin cylinders (see Section
4.1.1). Assume the initial distribution is 7, and that the measure asso-
ciated to the chain is denoted u. For notational convenience, we don’t
indicate the dependence of u on 7.

The study of ergodicity for Markov chain is greatly simplified by the
introduction of a matrix IT on S X S, whose properties are similar to
those of a transition matrix. Remember by Theorem 6.3.3 that the
chain is ergodic if and only if

n—1

% > WANT*B) — p(A)u(B) (6.5.3)

for all cylinders A, B € C. Since S is countable, we can even consider
the previous convergence only for thin cylinders. A particular case is
the one in which these thin cylinders are A = {w :wy =z}, B ={w:
wo = y}. Then

WANTB) = u(Xy =y, Xo = 2) = QW (z,y)n(x),  (6.5.4)

and (6.5.3) becomes

") Jim = Q) = alory). (659
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Therefore, if we assume that 7(z) > 0 for all z € S, the following
matrix appears naturally:

Observe that the existence of Il is guaranteed by the Ergodic Theo-
rem 2. A few properties of I are given hereafter.

LEMMA 6.5.1. 11 is a transition matriz on S, and satisfies
QU=TQ=0Q, 1% =1I.

Moreover, if m denotes an tnvariant distribution with respect to @),
then m s also an invartant distribution with respect to I1: wll = .

PROOF. The proof is a straightforward repeated use of the Domi-
nated Convergence Theorem. Clearly, 0 < II(x,y) < 1, and

n—1
S y) = Jim = 33T QW () =1,

yes k=0 yes

which shows that II is a transition matrix.

QM) = 3 Qe M(zy) = lim -3 3" Q.20 (=)

z€S k=0 yes

n—1
1
= lim = Q"™(z,y) =(z,y).
k=0

n—oo M,

In the same way, I1Q) = 11, and

M (z,y) = 3 (z, 2)(z,y) = JEEO%EZQW(% (=)

z€§ k=0 zeS
1 n—1
= lim — ZQ(k)H(J:, Y)
n—1

1
= lim — g (z,y) =(z,y) .
n—oo N
k=0

2Naunely, the Ergodic Theorem implies that % ZZ;& 14-1poT* has a limit when n — oo exists
p-almost surely and in L!(u). By integrating with respect to yu and using (6.5.4), this expression
equals 7(z)I(x, y).



6.5. ERGODIC SEQUENCES 165

If 7 is invariant with respect to Q, i.e. 7Q = , then 7Q™) = 7 for all
k > 1, and by the same type of argument one gets 7ll = 7. ]

We have already proved part of

LEMMA 6.5.2. Assume 7 is a invariant with respect to (Q, and that
w(x) >0 for allx € S. Then

(1) p is strongly mizing if and only if

Q"(x,y) —»wly) Veyes.
(2) p is ergodic if and only if I(x,y) = 7(y), i.e.

n—1

1

1S Q0 y) = 7ly) Vayes.
" =0
PRroOOF. Consider two thin cylinders C' = [z, ..., 2], D = [yo,- .-, Yq-

Then for large k, u(C NT~*D) equals

m(20)Q(x0, 1) - -+ Q(zp1, ) QPP (@, 40) Q (Yo, 1) - -+ QY1 Yy)-

This proves (1). Averaging over k =0,1,...,n — 1 and since

-1
1
n Z Q" "M (2, y0) — T(xp, y0) = 7(10)
k=0

we have that Sy 1(C N T*D) converges to

m(20)Q (w0, x1) - - - Q(xp—1, 2p)™(10) Q (Yo, y1) - - - QWg—1, Yp) = p(C)p(D),
which shows that u is ergodic. ]

The following shows that the chain is ergodic if and only if its transition
matrix is irreducible.

THEOREM 6.5.1. Consider the canonical representation of a stationary
Markov chain with transition matriz () and invariant distribution ™ >
0. Consider the following statements.

(1) p is ergodic with respect to the shift T.
(2) Il(x,y) does not depend on x.

(3) @ is irreducible

(4) Il(z,y) >0 for all z,y € S.

Then (1) & (2) = (3) = (4). If|S| < oo, then (4) = (2).
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PROOF. (1)&(2): By Lemma 6.5.1, > 7(y)Il(y, z) = 7(z). The-
refore, I1(y, z) does not depend on y if and only if it equals 7(z). By
the Lemma 6.5.2 this is equivalent to u being ergodic.

(1)=(3): Assume that p is ergodic but that @ is not irreducible.
Then there exists some nonempty proper subset S’ C S such that
Q(z,y) = 0 for all z € 5, y € S\Y'. Define A := {X, € S'}. We
have u(A) = w(S’") € (0,1) (remember that 7 > 0). On the other side,
TA={X; €8}, andso AAT A ={X,€ 8 X, ¢ SU{X, ¢
S' X, € S}, so clearly u(AAT1A) = 0. By Theorem 6.3.2, 1 can
therefore not be ergodic.

(3)=(4): Fix some z € S, and let S, := {y : lI(x,y) > 0}. We claim
that S, is closed. Namely, takey € S,, z € S\S,. Assume Q(y, z) > 0.
Then

M(z,z) =Q(z,y) = Y (z,4)QY,2) = (z,y)Qy,2) > 0,

y'es

i.e. z € S;, a contradiction. Since the chain is irreducible, this implies
Sy =5, and shows that II(z,y) > 0 for all y.

Finally, assume |S| < oo and that (4) holds. Observe that since I1(?) =
I1, any column of II is a solution of the linear system IIf = f. Namely,
by fixing y and defining f(x) := II(z,y), we have

= Y (@, 2) () = Y (@, )z, y) = T(w,y) = ().

Let m := max,eg f(x). Assume there exists z, such that f(z,) < m.
Then for all other x we would have f(x) = IIf(z) < m, which is
impossible since we are assuming that S is finite. Therefore, f(z) =m
for all z, which is equivalent to saying that II(x,y) does not depend
on x, and therefore (4)=-(2). O

Finally, let us see how the Ergodic Theorem for Markov chains can be
obtained as a corollary of the Ergodic Theorem of Birkhoff, at least in
the case where S is finite. Let f : S — R be integrable with respect to
the invariant distribution 7: [ |f]dm < oo. This implies that f defined
on S1012} by f(w) := f(wp) is integrable with respect to pu. By the
Ergodic Theorem of Birkhoff,

n—1

> (X ElZfoTkeE[f\J]

1
n n
k=0
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p-almost surely. In particular, if we assume that the chain is irredu-
cible, then by the previous theorem,  is ergodic with respect to the
shift, and therefore E[f|J] = E[f] = [ fdr. This is Theorem 4.6.1 of
Section 4.6.

6.6. Convex Structure of Invariant Measures

In this section we relate ergodicity to a certain undecomposability
with respect to convex combination of probability measures. Consider
a measurable space (2, F). Denote the set of measures on (2, F) by
M*, and the set of probability measures by M € M*. M is a
convex subset of M. Now if T : 2 — Q is measurable, we denote by
M C My the set of measures which are invariant under 7'. Again,
M is convex, and we will see that its extreme elements are exactly
the invariant probability measures which are ergodic with respect to
T. Before that, let us show that distinct ergodic measures which
are invariant with respect to the same transformation have disjoint
supports.

LEMMA 6.6.1. Let p, v € MiT be both ergodic. Then either they coin-

cide, or they are singular (in that there exists A € F with u(A) = 1,
v(A)=0).

PROOF. For any A € F, consider the set A, C {2 on which % Zz;é 14
converges p-almost surely to p(A). Since p is ergodic, we have p(A,) =
1. In the same way, we have the set A, for which v(A,) = 1. Now if
p and v are distinct, there exists some A such that p(A) # v(A). But
then the sets A, and A, are disjoint, which implies that y and v are
singular. 0]

THEOREM 6.6.1. A probability measure y € MiT s extremal if and
only if it is ergodic.

PRrROOF. If p is not ergodic, then there exists some invariant set A
such that 0 < u(A) < 1. Consider the measures

= ulA), v = (A7),
These measures are invariant. Namely, by the invariance of A and pu,

-1 A T-Y(BnA BNA
Vl(TlB):'LL(T BN )::u( ( n )):,LL( N ):Vl(B)
pu(A) pu(A) pu(A)
Since p = p(- N A) 4+ pu(- N AY) = Ay + (1 — A where A == p(A),
it is not extreme. On the other hand, assume p is ergodic and that
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there exist two invariant measures vy, 5 and some 0 < A < 1 such that
= Ay + (1 — A)ve. Then, 14 is absolutely continuous with respect
to p. In particular, v; is ergodic. By Lemma 6.6.1, i and v either
coincide, or are singuler. But they can’t be singular since there would
exist some event A such that u(A) =1, 11(A) = 0, which is impossible
since

l=uA)=2A)+ (1 -Nn(A)=1-Nnd) <1l-A<1.

Therefore 1 = 1. In the same way, u = 5. Therefore, p is extremal.
O]

Since extreme elements of M 1., a natural question is to know if there
exists a way in which any invariant probability measure can be de-
composed into a convex combination of ergodic measures, and if this
decomposition is unique. It happens that such decompositions are
guaranteed when the measurable space (€2, F) satisfies some counta-
bility assumptions. We refer to [Geo88], Section 7, where a general
statement can be found.

6.7. Exercises

VOIR DAJANI

EXERCISE 6.1. Prove the Change of Variable Formula: if p is invariant
under T, then for all f € LY(Q, T, u),

/fonM:/fdu. (6.7.1)
EXERCISE 6.2. Show that the set function u defined by
u(Calar, ... ap) = [ [ p(a) (6.7.2)
ieA
is o-additive on the algebra of cylinders C.

EXERCISE 6.3. Let (2,5, 1) be a probability space, where F is ge-
nerated by an algebra C. If T7'A € F and p(T1A) = u(A) for all
A € @, then p is invariant under 7. (Hint: use the Monotone Class
Theorem.)

EXERCISE 6.4. Define ergodicity for measures on Z?%. Show that pro-
duct measures are ergodic.
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EXERCISE 6.5. Call u weakly mixing if

LN WANT#B) = w(A)u(B) — 0, forall A BeF.

(WANT*B) — n(A)u(B)* -0, forall A, BeT.

i
o

EXERCISE 6.6. [KHT74] Uniformly distributed sequences in [0, 1]

(1) show that any uniformly distributed sequence is dense

(2) show that if r is rational, then the sequence z, := (rn), n >
1 is not uniformly distributed. Is there a proper interval of
[0, 1] which is visited with the appropriated frequency by the
sequence?

(3) show that the sequence 0/2,1/2,2/2,0/3,1/3,2/3,3/3, etc. is
uniformly distributed.

EXERCISE 6.7. [Pet00] p. 33. Identify ]?in the following cases.

(1) The two sided shift Q = A? with invariant measure p = p?Z,
and f(w) = 14,(wp) for some ay € A.

(2) Q =10,1), Tw = w+ a mod 1, u is the Lebesgue measure,
and f = 1; for some interval I C [0,1).

(3) Q =R, Tw = w + 1, p is the Lebesgue measure, and f € L.

EXERCISE 6.8. Show that if 4 is trivial on J,, then for all f € L'(p),
E,(f7,) = E,(f) p-almost surely. Hint: start with simple functions.

EXERCISE 6.9. Grimmett p. 410, ex. 14. Consider ([0, 1), B([0,1))A).
Show that the shift 7" : [0,1) — [0, 1) is measurable, preserves A, and
ergodic. VOIR BILL. P. 11. VOIR LA REMARQUE 1.2.15 de Dajani.
VOIR AUSSI SON EXERCICE 1.2.22 SUR LA TRANSFORMATION
DU BOULANGER. Let X (w) = w. Show that the proportion of 1s in
in the expansion of X is in base to equals %

EXERCISE 6.10. dAJANI P. 29. Show that Gauss’ transformation
doesn’t preserve the lebesgue measure, but preserves

1 1
p(A) = / dx .
log2 [, 1+

VOIR BILLINGSLEY p.43 ou RAUZY
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EXERCISE 6.11. Verify that J, is a o-algebra. Show that g :  — R is
J,-measurable if and only if it is py-almost invariant.

EXERCISE 6.12. Varadhan p. 184. Prove that any any almost inva-
riant set differs by a set of measure zero from an invariant set.

EXERCISE 6.13. Varadhan p. 184. Prove that any product measure is
ergodic for the shift

EXERCISE 6.14. Varadhan p. 187. Show that any two distinct ergodic
invariant measures are orthogonal on J.



CHAPTER 7
Brownian Motion

This chapter is devoted to the construction of the Brownian motion
and to the study of its basic properties. Most of this chapter, in
particular Section 7.2 on weak convergence, is taken from the book of
Billingsley [Bil68].

7.1. Introduction

Consider the simple symmetric random walk on Z starting at the ori-
gin, denoted (S,,),>0. We denote its increments by Y}, and the under-
lying probability space by (Q2,F, P).

The properties of the position of the walk at time n are described by
the Law of Large Numbers (LLN) and by the Central Limit Theorem
(CLT). In the CLT for instance, the description of the distribution of

S, :
NG satisfies

P(S— e A (7.1.1)

7)o
for all Borel set A € B(R). The CLT is a statement about the weak
convergence in distribution of % to the centered normal Gaussian. A
sequence of probability measures p, on the real line (R, B(R)) is said
to converge weakly to a probability measure y if

pn(A) — u(A), forall A e B(R) with u(0A) =0. (7.1.2)

In our case, the distribution of j% is the probability measure on the

real line defined by g, (A) = P(2= o~ € A) and p is the centered nor-

mal Gaussian distribution u(dz) = \/%77 exp(—;)dx. The fact that in
(7.1.1) the convergence holds for all Borel set A stems from the fact
that p is absolutely continuous with respect to the Lebesgue measure,

which is non-atomic.

The CLT describes the behaviour of the position of the random walk
at time n. A natural question is to ask about the statistical properties

171
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of the trajectory as a whole, that is considering the values of S} at all
times k € [0, n], for large n. To keep track of the whole trajectory,
we consider a double rescaling, in space and time, and consider the
trajectory up to time n as a function of a real variable ¢ on the interval
[0,1]. The rescaling in time is thus a division by n:

1 1
{0,1,...,,n—1,n}—>{O,E,...,...,l—g,l},

and since S,, has typical fluctuations of order y/n by the CLT, a spatial
rescaling of order /n is necessary in order to obtain a limiting object

(if any) which is bounded. More precisely, for each time n we consider
the rescaled trajectory X,, : [0,1] — R defined by interpolating, on

each time interval ¢ € [“=1, £} between the values of S\’;%l and % (see
Figure 1):
SLntJ 1

X,, belongs to the set of continuous functions on [0, 1], denoted by C.

S, Xn(t)

S
—_

F1GURE 1. The rescaling of the simple random walk.

Since each X, is a random function, it has two inputs: the time va-
riable ¢t € [0, 1] and the random realization w € 2. We will sometimes
write X, : [0,1] x 2 — R to indicate this double dependence.

To understand the statistical properties of the random functions X,
when n becomes large we need to define their distribution, which requi-
res the definition of a o-algebra on C. The natural distance on C is
the sup-norm: for z,y € C,
p(z,y) = sup |z(t) —y(t)].
t€[0,1)

We consider on C the Borel g-algebra generated by the open sets
defined by p. The distribution of X, is defined as follows: for any
Borel set B C C,

pn(B) := P(X, € B). (7.1.4)
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We say that a sequence of probability measures u, converges weakly
to a probability measure p if

pn(B) — u(B), for all Borel set B with u(0B) = 0. (7.1.5)

The rest of the chapter is essentially devoted to show that the sequence
fn, defined in (7.1.4) converges weakly to a measure W called Wiener
measure. W is a measure on the set of continuous functions over [0, 1].
Proving its existence will require a full exposition of weak convergence
of probability measures in metric spaces.

The rest of the chapter is organized as follows. In Section 7.2 we int-
roduce weak convergence for sequences of probability measures on a
general metric space (S, p). After describing some of its basic proper-
ties, we give a few criteria, among which the Portmanteau Theorem,
which allow to test weak convergence in concrete cases, for example
when S = RY, RY, or C. We then prove the Theorem of Prohorov,
in Section 7.3, which gives a necessary and sufficient condition un-
der which a sequence u, is guaranteed to converge weakly to some
probability measure: tightness. These results are then used, together
with the Arzela-Ascoli Theorem, to construct the Wiener measure in
Section 7.4. We prove Donsker’s Invariance Principle in Section 7.5.
Some properties of the Brownian motion, such as almost-everywhere
non-differentiability and the Law of the Iterated Logarithm, are then
described in Section 7.6.

The whole of Section 7.2 is taken from the book of Billingsley [Bil68].

7.2. Weak Convergence in Metric Spaces

Let (S, p) be a metric space. An open sphere of radius > 0 centered
at x € S is denoted B,(x) = {y € S : p(y,z) < r}. The interior
of A C S is denoted intA, its closure by A. Let A C S, and define
p(x, A) :=inf{p(z,y) : y € A}. For € > 0, denote the open e-thickening
of Aby [A]l :=={y : p(y, A) < €}, and the closed e-thickening of A, by
[A]¢ == {y : p(y, A) < €}. Observe that if A is closed, then [A]° \, A
when e N\, 0. Let C(S) denote the family of continuous bounded
functions f : S — R.

LEMBRETE DE TOPOLOGIA?
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7.2.1. Borel Sets and Probability Measures on S. The open
sets of S generate the o-algebra of Borel sets, which we denote by
S. Observe that 8 contains all open, closed and compact sets. 8§ can
therefore be generated equivalently by either of these classes. If S, .5’
are two metric spaces and if f : S — S’ is continuous, then it is also
measurable: f~1(B’) € 8§ for all B’ € §’ . This holds in particular for
the continuous functions f : .S — R, which we denote C'(S). Usually,
we will denote the elements of 8 by A, B, C, ... (unless otherwise spe-
cified, these letters will be used to denote Borel sets), and probability
measures on (5, 8) will be denoted by p or v.

We first show how Borel sets can be approximated, in a measure-
theoretic sense, by closed or open sets. Call a probability measure u
on (5, 8) regular if, for all A and all € > 0 there exists a closed set F
and an open set G such that FF C A C G and pu(G\F) < e.

LEMMA 7.2.1. Any probability measure on (S, 8) is reqular.

PRrROOF. Take some probability measure . Let D denote the class
of all sets A for which there exists, for all ¢ > 0, a closed set F' and
an open set G such that ¥ C A C G and u(G\F) <e. If A is closed,
take F' := A, and Gy := [A]s. Gy is open. Since A is closed, Gs \, A
when 6 — 07, and so u(Gs) \, u(A). Therefore, D contains all closed
sets. If we show that D is a o-algebra, then we are done. Clearly, D
is stable under complementation, and contains @, S. Let then A, € D.
It suffices to show that A :={J, A, € D. Let € > 0. For each n, take
a closed set I, and an open set (G, such that F,, C A, C G,,, and such
that u(G,\F,) < €2~ Set Fy := ngl F,, G :=J,>; Gn. Take
N large enough so that p(Fi\Fy) < 5, and let F' = Fy. We have
U(G\F) < p(G\Fuo) + p( Fu\F). But

p(G\F) <) plG\Fo) <Y u(Gi\F) <

n>1 n>1

€
2 )

and by definition u(F,\F) < 5. This shows that A € D. [l

£
5

1 et S, S’ be two metric spaces and denote their Borel o-algebras by 8, 8’ respectively. Let
f:S — S be continuous. Take an open set A’ C S’. Since f~!(A’) is an open set of S, it belongs
to 8. Denote by $ the set of subsets A C S’ for which f71(A) € 8. Tt is easy to verify that Sisa
o-algebra, and we have just seen that it contains all the open sets of S’. Since these generate §’,
S contains 8. f is therefore measurable.
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DEFINITION 7.2.1. A class of sets D C § is a determining class if any

two probability measures which coincide on D are equal. That is, if
u(D) =v(D) for all D € D then p=v

Lemma 7.2.1 has an immediate corollary:

COROLLARY 7.2.1. The closed sets form a determining class.

ProOF. Namely, assume pu, v are such that u(F) = v(F) for all
closed F. Then by the previous lemma, for any A € §, there exists
a sequence of closed sets F,, C A such that p(A) = lim, u(F,). But
lim, pu(F,) = lim, v(F,) < v(A). In the same way, we show that
v(A) < u(A). Therefore, = v. O

The next result shows that indicators can be approximated by uni-
formly continuous functions. Then, as can be easily verified 2,

p(x, A) — p(y, A)| < p(z,y), Va,yes, (7.2.1)
which implies that p(-, A) is uniformly continuous.

THEOREM 7.2.1. Let A € 8§, € > 0. Then there exists f € C(9),
uniformly continuous, such that 0 < f <1, f(x) =0 if p(x, A) > e,
and f(x) =1 if x € A.

PROOF. Let ¢(t) = 1if t < 0, ¢(t) = 1 — ¢t if t € [0,1], and
o(t) =0if t > 1. ¢ is uniformly continuous. For each € > 0, define
f(x) := ¢(etp(x, A)). Tt is easy to verify that f satisfies the wanted
properties. [l

Since indicators of measurable sets can be approximated by continuous
functions, we can now show that a measure is uniquely determined by
the way in which it integrates continuous functions.

THEOREM 7.2.2. Two probability measures p,v on (S,8) are equal if
and only if

/fdu /fdy Vf e C(S). (7.2.2)

PROOF. Assuming (7.2.2) holds, take F' € 8§ closed. Consider the
sequence

fu(@) = ¢(np(z, F)) (7.2.3)

ZWrite, for all zo € F, plx, A) < p(x,x0) < p(z,y) + p(y,z0). This implies p(z, 4) < p(z,y) +
p(y, A). Interchanging the roles of x and y proves (7.2.1).
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where ¢ is the function of Theorem 7.2.1. We have f,, > 1p and since F’
is closed, f, converges pointwise to the indicator of F: f,,(z) \, 1p(z).
By Dominated Convergence,

p(F)=lim [ f,(x)dpu= lim [ f,(x)dv= /1de =v(F).
(7.2.4)
By Corollary 7.2.1, u = v. (]

7.2.2. Weak Convergence: Definition and Testing Criteria.
The following is the classical definition of weak convergence. The
Portmanteau Theorem will show that it is actually equivalent to the
definition we gave in (7.1.5).

DEFINITION 7.2.2. Let (ptn)n>1 and p be probability measures on (S, 8).
We say that ., converges weakly to y if

/ fdp, — / fdu, Vfeo(s). (7.2.5)
When (7.2.5) holds, we write p, = .

The main result of this section is Theorem 7.2.1 and its two corollaries,
which say that weak convergence can be tested on classes of sets which
are strictly smaller than §. Such classes will be easy to handle in

concrete situations. Call a set A € 8 p-continuous if (0A) = 0.
(Observe that 0A = A\intA, so 0A € §.)

THEOREM 7.2.3 (The Portmanteau Theorem). Let p,,, v be probability
measures on (S,8). The following conditions are equivalent.

(1) n = p,

(2) [ fdun, — [ fdu for all f € C(S) uniformly continuous,
(3) imsup,,_, oo pn(F) < u(F) for all closed F,

(4) liminf, o pn(G) > w(G) for all open G,

(5) limy, 00 pin(A) = u(A) for all p-continuous set A.

PROOF. (1) implies (2): trivial.
(2) implies (3): Let F be closed. Consider the uniformly continuous
function f; defined in (7.2.3). For all k,

lim sup g, (F') = lim sup/lpd,un < lim sup/fkdun = /fkdu

As we saw in (7.2.4), [ frdpy — p(F') in the limit & — oo. This yields
(3).
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(3) @mplies (1): Take f € C(S). We will show that limsup,, [ fdu, <
[ fdu; the result then follows by doing the same with —f. Since f
is bounded, we can assume for example that f(z) € [0,1). For each
N > 1, we divide the interval [0, 1) into N intervals of equal size and
consider the approximation of f by the functions

N N

_ 1 — 1 1
fa(x) = Z Lipizic ey (7)), fy(z) = Zﬁl{x:%gf($)<%}(x)'

1=1 1=1

Clearly, fy < f < fx and so for any probability measure v,

/ fydv < / fdv < / fadv .

By noting that v({z : 5 < f(z) < +}) = v(Fi-1) — v(F}), where
F; are the closed sets F; —{J;: f(z) > i/N}, Fy .= S, Fy := 0, we
easily obtain

/f;du— NZV /deV%ZZN;V(F

Using these expressions for the measures w,,, 4,

lim Sup/fdun < lim Sup{;f + % ZMn(FZ)}

n—oo n—oo

and the needed inequality then follows by taking N — oc.
(3) is equivalent to (4): Trivial since u(F°¢) =1 — pu(F).
(3) and (4) imply (5): Let A € 8. Then, by (3) and (4),

p(A) > limsup p,(A) > lim sup p,, (intA) > hm 1nf pn(intA) > u(intA) .
But if £(0A) = 0, then pu(A) = p(intA).
(5) implies (3): Let F' be closed. Assume for a while we can find, for
any small € > 0, some closed set F' D F such that pu(0F’) = 0, and
P(F'\F) < e. Then clearly

lim sup i, (F) < limsup p, (F') = p(F') < p(F) + ¢,
and the result follows by taking e — 0. A natural candidate for F” is
the closed e-thickening of F, [F]¢, which is closed.
Claim: there ezists a sequence €, "\, 0 such that pw(O[F]%) = 0 for all
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k. Namely, assume that p(0[F|) > 0 for all € € (0,1). Lemma 7.2.2
hereafter implies that there exists some sequence €; € (0, 1) of distinct
values of € such that ((O[F]%) = +o00. Since the sets {O[F] Y eco)
are disjoint, p wouldn’t be a probability. Therefore, there exists at
least one ¢ € (0,1) such that u(0[F]“) = 0. Then, we start again:
assume that p(0[F]¢) > 0 for all € € (0,¢1). Lemma 7.2.2 hereafter
implies that there exists some sequence €; € (0, €;) of distinct values
of € such that ), ((O[F]%) = 4o00. Since the sets {0[F ] }ec(0,c1) are
disjoint, p wouldn’t be a probability. Therefore, there exists at least
one €3 € (0, €1) such that u(0[F]?) = 0, etc. This proves the claim.
Now, for all k,

lim sup o, (F) < Tim sup o, ([F]) = u((F])

n—oo n—oo

As we know, p([F]%) \, p(F') since F'is closed. This finishes the proof
of the Portmanteau Theorem U

LEMMA 7.2.2. Let g : (0,a) — (0,400). Then there exists a sequence
tr € (0,a), ty # ti, such that >, g(ty) = +o0.

Proor. Write (0,00) = ;5 R, where Ry := (1,00), and R; :=
(%, ]%1] for j > 2. There exists at least one jy > 1 such that g~ '(R;,)
contains an uncountable number of points (otherwise, (0, a) would be
countable). Let {t1,ts,...} C g '(R;,) be distinct. Since g(t) > jlo’

we have Y, g(tx) = +o0. O

Condition (5) of the Portmanteau Theorem implies that weak conver-
gence can be verified by testing if p,(A) — u(A) for the p-continuous
Borel sets A. In concrete situations, one will want to test this conver-
gence on classes of sets A whose structure is in general simpler than the
whole o-algebra . Later, we shall call these convergence-determining
classes.

PROPOSITION 7.2.1. Let U C & be such that

(1) U is stable under finite intersections,
(2) each open set G € 8§ can be written as a finite or countable
union of elements of U.

If 11, (A) — p(A) for all A € U, then p, = pu.
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PRrROOF. First observe that if Ay,..., A, € U,

m

pn(A1U - U Ay) = Z(_l)kJrl Z :un( ﬂ Aj) :

k=1 Ic{l,..k}  jel
Since [;c; A; € U, this gives
lim p,(A1U---UA,) =u(AU---UA,).

Let G € 8 be open, € > 0. Since by assumption GG can be written as a
finite or countable union G = Uk21 A, A € U, there exists some m
such that

u(G) —e<pu(AU---UA,) = lim u, (A U---UA,) <liminf u,(G) .

n—oo n—oo

Since € is arbitrary, the Portmanteau Theorem implies that p, =
L. [l

We then give a criterium for testing weak convergence which has the
advantage of involving a family U of sets which is close to being a base
for the metric topology. It holds under a separability assumption.

THEOREM 7.2.4. Let U C & be such that

(1) W s stable under finite intersections,
(2) forallx € S and all e > 0, 3A € U such that v € intA C A C
B(x).

If S is separable and if p,(A) — u(A) for all A € U, then p, = p.

First, we prove a topological lemma.

LEMMA 7.2.3. Let S be separable. Then there exists a countable family
B of open spheres such that any open set A can be expressed as a
countable union of elements of B (B is called a base).

PROOF. Let T' C S be dense and countable. Let B = {By, By, ...}
denote the set of open spheres centered at points of T, with radii
r € Q. Let A be open. Let A" := .5 4 Bi- Clearly, A" C A. We
then show that A C A’. Take any x € A. Since A is open, there exists
r > 0, such that B,(z) C A. Let t € TN Br(z). Take any rational

£ <r, <32 Thenz € B, (t) C B.(x) C A. Therefore A C A’. O

PROOF OF THEOREM 7.2.4. Let G C S be open. The result will
follow by Proposition 7.2.1 if one can show that G can be written
as a countable union of elements of U. Since G is open, there exists



180 7. BROWNIAN MOTION

for all z € G some r, > 0 such that B, () C G, and by (2) there
exists A, € U such that x € intA, C A, C B, (z) C G. The-
refore, G = |J,cq A»- Consider the countable set of open spheres
B = {By, By, ...} of Lemma 7.2.3. For each k € {1,2,...}, let A(k)
be any of the A,s which is such that int A, contains By, (if any; other-
wise, set A(k) = 0). Then clearly G = |, A(k). O

DEFINITION 7.2.3. A family of sets W C § is a convergence-determining
class if j1,(A) — p(A) for all p-continuity set A € U implies p, = .

As well known, the class U of semi-infinite intervals (—oo, z] forms
a convergence-determining class for weak convergence of probability
measures on the real line. See Section 7.2.3 hereafter.

LEMMA 7.2.4. Any convergence-determining class is determining. (The
converse is false, see Section 7.2.5.)

PROOF. Assume p(A) = v(A) for all A belonging to a convergence
determining class U. Define u, := p. Since p,(A) — v(A) for all
A € U (in particular if A is p-continuous), then p,, = v. This means
that for all continuous f ,

[ tdn= [ s = i [ s, = [ sav.

By Theorem 7.2.2, this implies that u = v. [l
As a last criterium to test weak convergence, we have:

THEOREM 7.2.5. p1, = p if and only if each subsequence {jin, } C {ptn}
has a further subsequence {n; } C {pn,} such that piy = L.

PRrROOF. The result follows by the equivalent property for sequences
of real numbers, which can be easily verified: a real sequence {x,}
converges to x if and only if any subsequence {z,, } C {z,} has a
further subsequence {x,;} C {x,,} which converges to . O

In the following three sections, we consider particular cases of metric
spaces which will be used later.

7.2.3. The metric space R?. Consider S = R?, whose elements
are d-tuples x = (x1,...,xq), vx € R, with the Euclidian metric

p(z,y) == (i: |2y — yk‘2>% :
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(R?, p) is separable and complete. The Borel sets generated by the
open sets of the metric p are denoted B(RY), and are the same as
those obtained by considering the product o-algebra generated by rec-
tangles.

As well known when proving the Central Limit Theorem in d = 1, weak
convergence of probability measures is equivalent to weak convergence
of distribution functions. With d > 2, the same holds, as we now
show. For z,y € RY, write x < y if 2, <y forall k = 1,...,d. An
interval is a set of the form (a,b] = {y : ax < yr < by, k=1,...,d}.
For any j, probability measure on (R?, B(R?)), define the distribution
function
Fla) = ul{y :y < o}).

By definition, F' is non-decreasing in z, and it is easy to see that I is
continuous from above, i.e. for all € > 0 there exists a ¢ > 0 such that
r<y<xz+de(e=(1,1,...,1)) implies F(z) < F(y) < F(z) + €.
Therefore, F' is continuous at z if and only if it is continuous from
below at x, that is if for all ¢ > 0 there exists a 6 > 0 such that
r —de <y < x implies F(x) —e < F(y) < F(x) or, equivalently, if
F(x) = sups-g F(xr—de) = p({y : y < x}). Therefore, F' is continuous
at z if and only if u(0{y : vy < z}) =0, 1e if {y:y <z} isa
continuity set of p.

Let F}, denote the distribution function of p,,.

THEOREM 7.2.6. The class of sets of the form {y : vy < z}, = €
R?, form a convergence-determining class for weak convergence in
(R, B(RY). In other words, j, = p if and only if F,(z) — F(x)
at each continuity point of F'.

PROOF. If y1,, = u then by (5) of the Portmanteau Theorem and by
what we just said, F,,(z) — F(z) at each  where u(0{y : y < x}) =0,
i.e. where F'is continuous.

On the other hand, let U denote the set of bounded intervals (a,b].
Then U satisfies (1) and (2) of Theorem 7.2.4, and so U is a conver-
gence determining class: if u,((a,b]) — u((a,b]) for all (a,b] € U with
1(0(a,b]) = 0, then p, = u. To transform this into a condition on
the sets {y : y < x}, first observe that for any » = 1,...,d, there can
exist at most countably many hyperplanes H; := {y : y, = t} with
pu(H;) > 0 (repeat an argument similar to the one of Lemma 7.2.2).
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. 2d
Now since each p,((a,b]) can be expressed as a sum » ,_, +F,(xy),
where the x;s are the 27 corners of (a, b], and since when (a,b] € U, F is

continuous at each of these points, we have that p,((a,b]) — u((a,b])
for all (a,b] € U if and only if F,(xx) — F(x) for each k. O

7.2.4. The metric space RY. Consider S = RY, the set of real
sequences * = (z(1),x(2),...) where z(k) € R. We first introduce a

metric on R equivalent to the Euclidian metric | - |: for all o, 3 € R,
o — 6
o, 3) = .

The advantage is that 0 < py < 1. Then define, for z,y € RY,

) = 3 aepola(k) y(k)). (7.2

k>1
LEMMA 7.2.5. (RN, p) is complete, separable.

PrOOF. Let (z,),>1 be a Cauchy sequence, i.e. p(z,, ;) —
when n,m — oo. Then for each component k, po(z,(k),z,(k))
2%p(xp, T,n), and therefore x(k) := lim, .o 2,(k) exists. Let
(x(1),2(2),...). We have, by the Lemma of Fatou,

1
p(x,z,) < lim infz ﬁpo(xm(k:), z,(k)) = liminf p(z,,, z,) ,

m—00 m—00
k>1

1IN o

which is arbitrarily small when n is large. Therefore, x,, — x, which
shows that (RY, p) is complete. To see that it is separable, consider the
set T :=J,;~1 Tn, where T}, is the set of elements z = (z(1),2(2),...)
whose first n coordinates are rational, and x(k) = 0 for all k& > n.
Clearly, T is dense in RY. O

Remember from Chapter 3 that cylinders € C RY are sets of the form
7, 1(B), for some Borel set B € B(RY), where 7, : RY — R" is the

n
canonical projection (3.1.2).

LEMMA 7.2.6. C is a convergence-determining, hence determining.

PRrROOF. Clearly, the projections 7, : RY — R" are continuous
(when RY and R™ are equipped with their respective metrics), hence
measurable. Therefore, € C B(RY). Consider an open sphere B,(z).
Let K be large enough so that Y, 27" < 5. Consider the cylinder
C={y:|ykk)—=xk) < {,k=1,...,K}. Clearly x € C = intC' C
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C C B(z). Since RY, Theorem 7.2.4 implies that € is a convergence-
determining class. L

7.2.5. The metric space C. Consider C (a short notation for
C'[0,1]), the set of continuous (hence bounded) functions x : [0, 1] —
R. Consider the metric

p(z,y) = sup{|z(t) —y(t)] : 0 <t < 1}. (7.2.7)
LEMMA 7.2.7. (C, p) is complete, separable.

PRrROOF. Let (z,),>1 be a Cauchy sequence in C. Then for all ¢ €
0,1], |zn(t) — xm(t)] < p(an, ). Therefore, z(t) = limy, o T, (%)
exists. We show that x € C. Take ¢ > 0. Let then m,n be such that
p(Tm, x,) < e Forallt € [0,1], |x(t)—z,(t)| = limy, |z, (t)—z,(t)] < €.
Therefore, p(x,x,) < e. This shows that the convergence x,, — x is
uniform. Since each z, is continuous, x also is. So C is complete.
Then, let D,, be the set of functions which take rational values at the
points {0, %, %, ceey ”T’l, 1}, and which is linear on each of the intervals
b1 ) Let D := {J,-,; Dn. Since the elements of C are uniformly
continuous, it is easy to see that D is dense in C: C is separable. [l

Let B(C) denote the Borel o-algebra generated by p. For each ordered
set N = (t1,t9,...,t,), 0 <t <--- <t, <1, consider the projection
mn : C — R" defined by

7T]\f(a:) = (x(tl)a SRR I(tn)) :

As in the previous example, we consider the family € of cylinders, that
is sets of the form 7' (B), with B € B(R"). It is clear that C is
an algebra. Let us see that they also generate the Borel o-algebra
generated by p.

LEMMA 7.2.8. 0(C) = B(C).

PrROOF. Since C is separable, each open set can be written as a
countable set of open spheres B.(z) (Lemma 7.2.3). But each such
sphere can be written as

B (z) = U {yeC:ply,z) <e—1/n}.
n>1
But, since each z € C is also uniformly continuous, for all § > 0,

{yeCiply,x) <} =] {yeC:ly(i/m)—z(i/m)| <},

m>1
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which is an intersection of cylinders. That is, each open set belongs
to 0(C), and therefore B(C) C o(€). Then, since the projections 7y
are obviously continuous, € C B(C), and so ¢(C) C B(C). O

LEMMA 7.2.9. Cylinders are determining, but not convergence-determining.

PROOF. As we just saw, C generates B(C). Since it is an algebra,
it forms a determining class (Carathéodory’s Theorem). To see that €
is not convergence-determining, consider the sequence pu,, on (C, B(C))
defined as follows: u,, is the Dirac mass at x,, which is defined by

nt ifo<t<nt,
r,(t) ;=< 2—nt ifn!t<t<2n7t,
0 if 2n~ 1 <t<1.

Let p be the Dirac mass at = 0. Then clearly, u,(C) — u(C)
for any cylinder C. Nevertheless, let A := B1(0), where 0 denotes

the function « = 0. Then p,(A) = 0 for all n, and u(A) = 1. But
0A = {y € C:supyoq ly(t)| = 3}, and so u(A) = 0. Therefore, fu,
does not converge weakly to . [l

7.3. Prohorov’s Theorem (EMPTY)

THEOREM 7.3.1. Let (p,)n>1 be a sequence of probability measures on
a separable metric space S. If (pn)n>1 @s tight, then it is relatively
compact.

7.4. The Wiener Measure (EMPTY)

We described the basic metric properties of C in Section 7.2.5.

7.5. The Invariance Principle (EMPTY)
7.6. Sample Path Properties (EMPTY)
7.7. Exercises

EXERCISE 7.1. Billingsley ex. 6 p. 11. Show that § contains all
compact sets. Show that S is generated by either of the following
classes: open sets, closed sets, compact sets.

EXERCISE 7.2. Find a counter-example where the indicator of an open
set cannot be appxoximated by a uniformly continuous functions.
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EXERCISE 7.3. Find an example of a sequence x, in RY such that
x(k) := lim,, x, (k) exists for all k, but

EXERCISE 7.4. Is C(R) separable?

EXERCISE 7.5. Show that P is tight if and only if it has o-compact
support.

EXERCISE 7.6. Shiryayev p. 318. Let (11a)acr be a family of Gaussian
measures on the line with parameters m, and o2. Show that (ia)acs
is tight if and only if |m,| < m and 02 < o for all a € I.

EXERCISE 7.7. Shiryayev p. 318. Construct examples of tight and
non-tight families on (RY, B(RY)).






APPENDIX A
Entropy

In this section we introduce the notion of entropy associated to a ran-
dom experiment. Our aim is to be as broad as possible since later
the concept of entropy will be used in various different situations, for
example in the case where the random experiment is the joint realiza-
tion of n random variables with stationary distribution.

Entropy is a number which gives a convenient quantization of the
predictability or unpredictability of a given random experiment. Equi-
valently, entropy is a measure of randomness: the more random, the
less predictable.

Consider a random experiment modelized by some probability space
(Q,F, P). Suppose our aim is to make a reasonable prediction about
the outcome of the experiment. We will do so assuming we know the
probability P; there is no inference here. Clearly, a reasonable a priori
prediction about the outcome w € 1 is possible when the measure P
concentrates inhomogeneously on certain subsets of {2. The extreme
case is when P is a Dirac mass at some wy € (; the absence of random-
ness allows to make an essentially perfect prediction about the result:
“the outcome will be wy”. Since the outcome is almost surely equal
to the a priori prediction, nothing interesting is learnt from the result.
At the other extreme, the most unpredictable experience is when the
measure P is uniform over {2. In this case, the outcome of the experi-
ment will be most probably very different from any a priori prediction;
one says that the outcome of the experiment produces information.

Entropy allows to quantify precisely this information production, but
is defined naturally for experiments with a finite number of possible
outcomes. Therefore, some approximation procedure is necessary in
the case where  has an infinite number of outcomes . A natural way

IThis will be the case in particular when Q has a continuous structure, for example when = [0, 1],
in which case each outcome usually has zero probability.

187
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to do this approximation is to introduce a coarsening of the possible re-
sults of the experiment. This is done by introducing what is commonly
called a finite scheme [Khi57]. A finite scheme is nothing but a par-
tition A of €2 into a finite number of sets Ay € F: A = {A;,..., A},
with (Ji_; Ax = Q, Ay N Ay = 0 if k # k'. Rather than the result of
the random experiment itself, i.e. w, one is interested in the atom Ay
of the partition A to which w belongs. The coarse-grained result of the
experience is therefore an index k = k(w) € {1,2,...,n}, giving the
unique atom Ay 3 w, and can be considered as partial knowledge about
the result of the experiment. To the finite scheme A = {Ay,..., A,}
corresponds a set of probabilities p; := P(A;),...,p, := P(A,), satis-
fying > ;_; pr = 1 (remember we are assuming that P is known).

With this coarse-grained description in mind, we can move on to the
definition of entropy associated to a finite scheme. The following defi-
nition was proposed by C.E. Shannon in [Sha48] as a measure of the
average information produced by one realization of a random experi-
ment with outcomes of respective probabilities pq, ..., pu:

DEFINITION A.0.1. The entropy of a probability distribution (p1, . .., pn)
associated to a finite scheme is defined by

H(p17p27"'7pn = Zpk logpka (AOl)

where it 1s assumed that the logarithm is with respect to the base 2,
and where we make the convention that 0log0 := 0.

When we wish to express explicitely that the entropy is associated to
the scheme A, each atom Ay of which has probability p, = P(Ay), w
will write

Hp(A) := H(P(A),. .., =—) P(A)log P(A). (A.0.2)
AcA

Let us verify that this definition suits our requirements for produc-
tion of information, as discussed above. First, observe that H is a
positive quantity which attains its minimal value H = 0 exactly when
all p;s are zero except one (when the measure is concentrated on a
single event, the outcome doesn’t produce any information). Then, as
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expected, we show that entropy is maximal for the uniform distribu-
tion (p1,...,pn) = (%,,%)
1 1

Namely, by introducing the concave function ¢ (z) := —xlogz for
x € (0,1), ¥(0) = (1) := 0, one can write

H(py, .- opa) = Y (o) =1 %%b(pk)
k=1 =1

Therefore, (A.0.3) fullfills our previous requirement: unpredictability
is largest for equiprobable events. Moreover, in Shannon’s own words,
any change towards equalization of the probabilities (py, . .., ps) incre-
ases H(py,...,pn). This can be seen by explicit calculation, by con-
sidering the variation of H when, say pi(s) = po + s, pa2(s) = po — s,
and where all the other n — 2 variables are kept fixed:

d d

£H = [ — (po + s) log(po + s) — (po — s) log(po — 3)]
Po— S

=lo :
gp()—l—s

which is < 0 when s > 0. This means that if s decreases, i.e. when p;
and po tend to equalize, then the entropy increases.

A further property of H is that it is a concave function of (p1, ..., p,).
To gain geometric intuition, observe that we are only interested in the
restriction of H to the simplex

fP:{p:(pl,...,pn):kaO,Zpkzl}CR".
k=1

Any p € P can thus be considered as a convex combination of the
extreme elements of P, which are the unit vectors of the canonical basis
of R": eyq,...,e,. At each extreme element e;, H(e;) = 0. Moreover,
for any p1,pe € P, 0 <\ < 1,

H(Ap1 + (1 = A)p2) 2 AH(p1) + (1 = A)H(p2) .

This follows from the concavity of the function ¢(z) introduced be-
fore. One thus has a picture of H as a concave function on P which
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3=

).

attains its maximum (logn) at the barycenter of P, namely (%, e

Further properties of H are most naturally formulated in terms of
schemes. Consider two schemes, say A and B, giving a coarse-grained

description of the same random experiment. Consider the scheme
AV B defined by

AVB:={ANB:A€A,BeB}.
This scheme is a refinement of both A and B, since each of its atoms
contains a double information (w € A and w € B for some couple
(A, B)); its entropy equals, by definition,
Hp(AVB)=— Y P(ANB)log P(ANB). (A.0.4)
(4,B)
When A and B are independent, that is if P(AN B) = P(A)P(B) for
all pair A € A, B € B, a simple computation yields

This property is called extensivity. In the general case (i.e. without
assuming independence) we always have

Hp(AVB)>— ) P(ANB)log P(A) = Hp(A).
(4,B)

The exact excess in the previous inequality is measured by the relative
entropy of B with respect to A:

Hp(BlA) = HP(A V B) — HP(A) , (A06)

which measures the average excess of information produced by the
outcome of the experiment A V B over the information produced by
the experiment A. As can be verified explicitely,

Hp(B|A) =~ > P(ANB)log P(B|A) = ZP )Hp, (B),
(4,B)
(A.0.7)
where Pj4(-) is the conditional probability P(-]A). When written as:

(A.0.6) is seen to be (up to a logarlthm) the mformation—theoretic
equivalent of the well known probabilistic expression

P(ANB) = P(A)P(B|A).

We will define more notions related to entropy in subsequent sections.
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A.1. Entropy as Average of Pointwise Information

Until now we introduced entropy as an average quantity which quan-
tifies the unpredictability of a coarse-grained random experiment. Let
us see here how Definition (A.0.1) arises naturally from a basic set
of conditions a measure of information should satisfy. To start with,
assume a partial information about the outcome of the experiment
w € () is that w belongs to some measurable set A € A, where A is
a finite scheme. We want to define a number /4 which quantifies the
partial information “w € A”. Once this will be done, we will define a
random variable giving the information produced by the outcome of
W

Iy(w) =) Iala(w).

How should 14 be defined?” We shall naturally ask for 14 to be positive,
and at our coarse-grained level of description, we have no reason to
make 4 depend on other characteristics of A other than its probability
P(A) (remember that this number will be the same for any other
outcome w’ € A). Therefore we must have

Ia=p(P(A)),

for some real non-negative function ¢ = ¢(x). To find a proper func-
tion ¢, we turn to the essential property that I, should satisfy in
order to properly represent information, namely extensivity. Assume
we have a double information of the form “w € A and w € B”. In the
case where A and B are independent, it seems reasonable to impose
that 2

Tang =14+ 1p.

In terms of ¢, this means @(P(A)P(B)) = ¢(P(A)) + ¢(P(B)). A
convenient choice for the function ¢ is thus ¢(z) := —logx, which
yields

Ia(w) =) (—log P(A))14(w) .
AecA
Finally, we can define entropy as the expected information produced by
a realization of the coarse-grained experiment, namely the expectation

2This extensivity condition is made clear by considering a simple example. Suppose we are drawing
a Brasilian w at random. Two possible partial informations for this experience are for example
A = {w is Carioca} and B = {w is Atleticano}. Then assuming these two events are independent,
the double information I4np should thus be additive and equal the sum of I4 with Ip.
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of I, which is
Hp(A) := Ep(Ia) = - Y  P(A)log P(A).
AeA
We thus recover (A.0.1).

A.2. Entropy of Discrete Random Variables

Consider a discrete random variable X : 2 — R taking values in a
finite alphabet A = {x1,...,2,}. The entropy of X, denoted H(X), is
just the entropy of the scheme Ax = {A1,..., A,} whose atoms are
Aj = A{w : X(w) = x}, with probability pr = P(A;) = P(X = xx).
For example, in the case where X takes two values, say 0 and 1, with
probabilities P(X = 1) =p, P(X =0) =1 — p, then

H(X) = —plogp — (1 —p)log(1l —p),

1

which is concave in p, and attains its maximum at p = 3

The joint entropy of a couple of two discrete random variables (X, Y)
is naturally defined by the entropy of the scheme Ax V Ay, and is
given explicitely by

ZP = Tk, —yl)logP(X:xk,Y:yl).

When X and Y are mdependent,
HX,)Y)=H(X)+ H(Y).
In general, the relative entropy of X with respect to Y is defined by
H(X|Y)=H(X,Y)—H(Y). (A.2.1)
We now turn to the simplest use of entropy in the study of stochastic
processes. Namely, let X, Xs,... be a sequence of i.i.d. random

variables taking values in a finite alphabet A. The Strong Law of
Large Numbers (SLLN) reads

X+ -+ X,
B N E[Xi] as.,
n
and the Weak Law of Large Numbers (WLLN) states that for large
n, most of the outcomes of the random variables X1, ..., X,, have an
empirical mean which is close to E[X;]: for all € > 0,
X+ -+ X,
P(‘ ey —E[Xl]‘ ze> 0.
n
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The WLLN gives a concentration property concerning the typical ou-
tcomes of a random realization of a sequence (X7, ..., X,): with high
probability, the empirical average % is close to its theoretical
mean F[X;]. More precisely one has, for any € > 0, any 6 > 0 and large
enough n, a set of mean-typical sequences of size n denoted A, (¢, ?),

with the following properties:
(1) P(An(e, 0)) =1 -0,
(2) Each (Xy,...,X,) € A,(e,0) satisfies
X1 +...X,
MM gy <.
n

The Asymptotic Equipartition Property (AEP) which we present he-
reafter gives another look at this concentration phenomenon, but from
the point of view of the typical probability of the sequence X3, ..., X,,.
Define the joint distribution p(z1,...,x,) = P(X; = z1,..., X, =
x,,), and following random variable

(X1, ..., Xp)(w) = p(Xi(w),..., Xp(w)),
called the empirical joint distribution of the outcome X1,..., X,,.

THEOREM A.2.1 (Asymptotic Equipartition Property for i.i.d. ran-
dom variables). Assume the sequence X1, Xo, ... is i.i.d. Then

1
——logp(Xy,...,X,) — H(X1), ae.
n

PROOF. Since the variables X}, are independent, we have p(z1, ..., z,) =
P(X; = x1)--- P(X,, = z,,). By applying the SLLN to the sequence
Yi(w) := —log P(Xi = Xi(w)),

1 1 <
——logp(Xi,..., Xn) = — ;Yk — E[Y1], ae.

But E[Yi] = H(X)). O

Since almost everywhere convergence implies convergence in probabi-
lity, a weaker form of the AEP is that for all ¢ > 0 and all § > 0,

1
P(| = logp(X1, .., Xa) = H(X1)| 2 ) <6

for large enough n. This basically means that most of the sequences
X1,..., X, have equal probability, roughly equal to 2-#&U"  More
precisely one has, for any ¢ > 0, any 6 > 0 and large enough n, a
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set of probability-typical sequences of size n denoted B, (€, d), with the
following properties:

(1) P(Bn(e,0)) =1 =,
(2) Each (Xi,...,X,) € B,(€,0) satisfies

IV < (X, X,) < 20O,
3) B, (¢, ) contains at most 2 (X)+e)n gequences.
(3) : q

This last property of B, (e, ) has fundamental consequences in infor-
mation theory (see [CTO06]).



APPENDIX B
Dynkin Systems

Let © be any non-empty set. We denote by 2% the family of all subsets
of 2, including the emptyset.

DEFINITION B.0.1. A collection D C 2% is called a Dynkin System (or
simply D-system) if the following conditions hold:

(1) 2 eD.
(2) If A,Be D, AC B, then B\A € D.
(3) If A, € D foralln>1, A, /A, then A€ D

Observe that D-systems are stable by complementation since A € D
implies A° = Q\A € D. Since B\A = B N A°, o-algebras are D-
systems, but since D-systems are not necessarily stable under inter-
sections.

LEMMA B.0.1. A collection F C 2% is a o-algebra if and only if it is a
D-system stable under intersection.

PROOF. The “only if” part is trivial. Then, assume JF is a D-system
stable under intersection. Let A, B € F. We have AUB = (A°NB°)° =
O\(A°N B) € F. Let A, € F, B, := J,_; As. Since B, € F and
B, /" U, Bn, we have that |J, -, B, € F. This shows that F is a
o-algebra. - O

As can be easily verified, the intersection of an arbitrary family of
D-systems is a D-system. Therefore, given any collection € C 2, one
can define the smallest D-system containing €, called the D-system
generated by €, denoted D(C). In practice, it is interesting to compare

the D-system D(C) with the o-algebra o(C). One clearly has D(C) C
a(C).

THEOREM B.0.1. If € C 2% is stable under intersection, then D(C) =
a(C).

ProOF. To simplify the notations, denote D(€C) by D and ¢(C) by
F. We already saw that D C F. To show that D D F, it suffices to
verify that D is a o-algebra. By Lemma B.0.1, it suffices to verify that

195
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D is stable under intersection.

Define Dy :={Be€D:BNC € DVC € C}. We verify that D; = D.
By definition, D; C D. To verify that D; D D, it suffices to see that
Dy is a D-system containing €. Now D; D € follows from the fact
that € is closed under intersection. This also implies that Q € D;.
Let By, By € Dy, By C By, C € C. Then

(B\B1)NC =B,NCN(BSUCY) = (BoNON\(BiNC) €D

Then, if B, € Dy, B, / B, then BNC = J,(B,NC) € D, logo
B € Dy. This proves that D is a D-system.

Define Dy := {A €D : ANB € DVB € D}. We verify that Dy =
D, which will show that D is stable under intersection. By the first
step, Dy contains C. As before, one can show that Dy = D. This
shows that D is stable under intersection, and finishes the proof of the
theorem. O]

The previous result is usually used in the following form:

COROLLARY B.0.1. Let C C 2% be stable under intersection. If D is a
D-system containing C, then D D o(C).

The last result is useful to show that the measurable sets of some o-
algebra F satisfy particular property. An example of application is
given in the following proposition and its corollary.

PROPOSITION B.0.1. Let (2, F, P) be a probability space, and let A4, . ..
(Ar C F) be independent collections ', each of which is stable under
intersection. Then the o-algebras o(A4),...,0(A,) are independent.

ProoF. Without loss of generality, we can suppose that each Ay
contains 2. We will show that if Ay, As,..., A, are independent and
stable under intersection, then o (A1), As, ..., A, are independent (and
stable under intersection). The proof then follows by induction. Fix
Ay € AQ,...,An e A,, set ' .= AsN---NA, and let Dp = {A c
Ay : P(ANF) = P(A)P(F)}. We have Dy > Q. Then, let A, B € D
with A C B: P((B\A)N F) = P(B\A)P(F), and so B\A € Dp.
Finally, if A, € Dp, A, / A, then P(ANF) = lim, P(A, N F) =
lim, P(A,)P(F) = P(A)P(F),and so A € Dp. This shows that Dp is
a D-system. Since Dp D Ay, Corollary B.0.1 gives Dy D o(A;). Since
this holds for all choice of F', we have shown that o(A;), As,..., A,
are independent. [l

lRemember that Aryon, Ay, are independent if for all I C {1,2,..., n}, any family A;,;i € I is
independent: P((;c; Ai) = [1;c; P(A:).

Y

Ay
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COROLLARY B.0.2. Let 1, ..., F, be independent sub-c-algebras (F, C
F forallk). Then, foranyl <k <n, o(F,...,F) ando(Fyi1,...,F)

are independent.

PROOF. Let A be the collection of all intersections ﬂ§:1 A; with
Aj € F;, and B be the collection of all intersections ﬂ?:k +1 Bj with
Bj € F;. Clearly, A and B are stable under intersection. By Proposi-
tion B.0.1, 0(A) and o(B) are independent. But o(A) = o(F1,...,Fy)
and 0(B) = o(Fgt1,- .-, Fn). O

COROLLARY B.0.3. Assume the variables (X,),>1 are independent.
Then for allk > 1, (X1, ..., Xy) and 0(Xgy1,...) are independent.

PROOF. Let A = o(Xy,...,Xy), B 1= Uz 0(Xps1, - Xiptj)-
Clearly, both A and B are stable under intersection. Now by Corollary
B.0.2, o(Xy,...,X;) and o(Xjy1,..., Xpy;) are independent for all
j > 1. Therefore, A and B are independent. By Proposition B.0.1,
og(A)(= A) and o(B) are independent. But o(B) = o(Xpi1,...),
which proves the lemma. ]
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