


② ✰✹✽✵✴✷✴✶✶✰ ②

Pr❡♠✐èr❡ ♣❛rt✐❡✱ q✉❡st✐♦♥s à ❝❤♦✐① ♠✉❧t✐♣❧❡

P♦✉r ❝❤❛q✉❡ q✉❡st✐♦♥ ♠❛rq✉❡r ❧❛ ❝❛s❡ ❝♦rr❡s♣♦♥❞❛♥t❡ à ❧❛ ré♣♦♥s❡ ❝♦rr❡❝t❡ s❛♥s ❢❛✐r❡ ❞❡ r❛t✉r❡s✳

■❧ ♥✬② ❛ q✉✬✉♥❡ s❡✉❧❡ ré♣♦♥s❡ ❝♦rr❡❝t❡ ♣❛r q✉❡st✐♦♥✳

◗✉❡st✐♦♥ ✶ ✿ ❙♦✐t (xn)n≥1 ❧❛ s✉✐t❡ ❞é✜♥✐❡ ♣❛r

xn =
(

cos
(

√

2
n

)

)n

.

❆❧♦rs ❧❛ ❧✐♠✐t❡ lim
n→∞

xn ✈❛✉t

✵ 1 1

e
e

◗✉❡st✐♦♥ ✷ ✿ ❙♦✐t (an)n≥1 ❧❛ s✉✐t❡ ❞é✜♥✐❡ ♣❛r

an = (−1)n+1 +

(

−1

2

)n

+
3

n
.

❆❧♦rs ✿

lim inf
n→∞

an = 3
4 ❡t lim sup

n→∞

an = 7
2

lim inf
n→∞

an = −1 ❡t lim sup
n→∞

an = 1

lim inf
n→∞

an = −1 ❡t lim sup
n→∞

an = 3
2

lim inf
n→∞

an = −1
4 ❡t lim sup

n→∞

an = 3
2

◗✉❡st✐♦♥ ✸ ✿ ▲✬✐♥té❣r❛❧❡ ❣é♥ér❛❧✐sé❡

∫ ∞

−∞

ex

1 + e2x
dx ✈❛✉t

π

2 arctan

(

1

2

)

2 arctan(e) 1

◗✉❡st✐♦♥ ✹ ✿ ❙♦✐t✱ ♣♦✉r k ∈ N
∗✱ ak = (−1)k

k + 2

k3
❡t s♦✐t sn =

n
∑

k=1

ak✳ ❆❧♦rs ✿

lim
n→∞

sn = −∞

❧❛ sér✐❡

∞
∑

k=1

ak ❝♦♥✈❡r❣❡ ❛❜s♦❧✉♠❡♥t

❧❛ sér✐❡

∞
∑

k=1

ak ❝♦♥✈❡r❣❡✱ ♠❛✐s ♥❡ ❝♦♥✈❡r❣❡ ♣❛s ❛❜s♦❧✉♠❡♥t

lim
n→∞

sn = +∞

◗✉❡st✐♦♥ ✺ ✿ ▲✬✐♥té❣r❛❧❡

∫ 2

0

1

x2 + 3x+ 2
dx ✈❛✉t

log (6) log

(

3

8

)

log

(

3

2

)

log

(

4

3

)

② ②



② ✰✹✽✵✴✸✴✶✵✰ ②

◗✉❡st✐♦♥ ✻ ✿ ❙♦✐t f : R → R ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r

f(x) =







ex − 1

x
s✐ x 6= 0 ,

1 s✐ x = 0 .

❆❧♦rs ✿

f ′(0) = 1

f ′(0) = e

f ♥✬❡st ♣❛s ❞ér✐✈❛❜❧❡ ❡♥ 0

f ′(0) = 1
2

◗✉❡st✐♦♥ ✼ ✿ ▲✬✐♥té❣r❛❧❡

∫

π

0
ex cos(2x) dx ✈❛✉t

2
5(e

π − 1) 0 eπ − 1 1
5(e

π − 1)

◗✉❡st✐♦♥ ✽ ✿ ▲✬✐♥t❡r✈❛❧❧❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ sér✐❡ ❡♥t✐èr❡

∞
∑

n=0

4n

n+ 1
(x− 1)n

❡st

]

3
4 ,

5
4

[ [

3
4 ,

5
4

[ ]

1
2 ,

3
2

[ [

1
2 ,

3
2

[

◗✉❡st✐♦♥ ✾ ✿ ❙♦✐t f : R → R ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r f(x) = 2x + x2✳ ❆❧♦rs ✿

✐❧ ❡①✐st❡ c ∈ ]3, 4[ t❡❧ q✉❡ f ′(c) = 9

✐❧ ❡①✐st❡ c ∈ ]0, 1[ t❡❧ q✉❡ f ′(c) = 9

✐❧ ❡①✐st❡ c ∈ ]2, 3[ t❡❧ q✉❡ f ′(c) = 9

✐❧ ❡①✐st❡ c ∈ ]1, 2[ t❡❧ q✉❡ f ′(c) = 9

◗✉❡st✐♦♥ ✶✵ ✿ ❙♦✐t f : R → R ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r

f(x) =

{

∣

∣4− x2
∣

∣ s✐ x ≤ 0 ,

4
∣

∣x2 − 1
∣

∣ s✐ x > 0 .

❆❧♦rs ✿

f ♥✬❡st ♣❛s ❝♦♥t✐♥✉❡ ❡♥ x = 0

f ♥✬❡st ♣❛s ❝♦♥t✐♥✉❡ ❡♥ x = −2

f ❡st ❝♦♥t✐♥✉❡ s✉r R

f ♥✬❡st ♣❛s ❝♦♥t✐♥✉❡ ❡♥ x = 1

◗✉❡st✐♦♥ ✶✶ ✿ ❙♦✐t f : [0, π] → R ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r

f(x) = (x+ 1) sin(x) + cos(x) + esin(x).

❆❧♦rs✱ ❧✬❡♥s❡♠❜❧❡ ✐♠❛❣❡ ❞❡ f ❡st

[

0, 1 + π

2 + e
]

[0, 2 + π + e] [π − 2, 2] [0, 2]

② ②



② ✰✹✽✵✴✹✴✾✰ ②

◗✉❡st✐♦♥ ✶✷ ✿ ❯♥❡ ❞❡s s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ z5 =
(

1 +
√
3 i
)2

❡st

z = 5
√
2
(

cos
(

16π
15

)

+ i sin
(

16π
15

))

z = 5
√
4
(

cos
(

16π
15

)

+ i sin
(

16π
15

))

z = 5
√
4
(

cos
(

2π
15

)

+ i sin
(

2π
15

))

z = 5
√
2
(

cos
(

2π
15

)

+ i sin
(

2π
15

))

◗✉❡st✐♦♥ ✶✸ ✿ ❙♦✐t ❧❛ sér✐❡ ❛✈❡❝ ♣❛r❛♠ètr❡ x ∈ ]0, 1[ ∪ ]1,+∞[ ❞é✜♥✐❡ ♣❛r

∞
∑

n=1

1

(log(x))n
.

❆❧♦rs ❧❛ sér✐❡ ❝♦♥✈❡r❣❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐

x ∈
]

0, 1
e

[

∪ ]e,+∞[

x ∈ ]e,+∞[

x ∈
]

0, 1
e

[

x ∈
]

1
e
, 1
[

∪ ]1, e[

◗✉❡st✐♦♥ ✶✹ ✿ ❙♦✐t (un)n≥0 ❧❛ s✉✐t❡ ❞é✜♥✐❡ ♣❛r u0 = 1 ❡t✱ ♣♦✉r n ≥ 1✱ un = −2
3un−1 + 2✳ ❆❧♦rs ✿

lim
n→∞

un = −∞

lim
n→∞

un = 6
5

lim
n→∞

un = +∞

lim
n→∞

un = 2

◗✉❡st✐♦♥ ✶✺ ✿ ❙♦✐t f : R → R ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r

f(x) =











sin(x)

|x| s✐ x 6= 0 ,

1 s✐ x = 0 .

❆❧♦rs ✿

f ❡st ❝♦♥t✐♥✉❡ s✉r R✱ ♠❛✐s ♣❛s ❞ér✐✈❛❜❧❡ ❡♥ x = 0

f ❡st ❞ér✐✈❛❜❧❡ ❡♥ x = 0

lim
x→0

f(x) ❡①✐st❡ ♠❛✐s f ♥✬❡st ♣❛s ❝♦♥t✐♥✉❡ ❡♥ x = 0

f ❡st ❞ér✐✈❛❜❧❡ à ❞r♦✐t❡ ❡♥ x = 0

◗✉❡st✐♦♥ ✶✻ ✿ ❙♦✐t (an)n≥1 ❧❛ s✉✐t❡ ❞é✜♥✐❡ ♣❛r an = (−1)n + 1
n
✱ ❡t s♦✐t A = {a1, a2, a3, . . . }✳

❆❧♦rs ✿

inf A = 0 ❡t supA = 1

inf A = −1 ❡t supA = 1

inf A = 0 ❡t supA = 3
2

inf A = −1 ❡t supA = 3
2

② ②



② ✰✹✽✵✴✺✴✽✰ ②

◗✉❡st✐♦♥ ✶✼ ✿ ❙♦✐t I ✉♥ ✐♥t❡r✈❛❧❧❡ ♥♦♥✲✈✐❞❡ ❞❡ R✱ f : I → R ✉♥❡ ❢♦♥❝t✐♦♥✱ ❡t Im(f) ❧✬❡♥s❡♠❜❧❡

✐♠❛❣❡ ❞❡ f ✳ P❛r♠✐ ❧❡s ❛✣r♠❛t✐♦♥s ❝✐✲❞❡ss♦✉s✱ ❧❛q✉❡❧❧❡ ❡st ✈r❛✐❡ ♣♦✉r t♦✉s ❧❡s ❝❤♦✐① ♣♦ss✐❜❧❡s ❞❡ I

❡t ❞❡ f ❄

❙✐ I ❡st ❢❡r♠é ❡t ❜♦r♥é ❡t s✐ Im(f) ❡st ♦✉✈❡rt✱ ❛❧♦rs f ♥✬❡st ♣❛s ❝♦♥t✐♥✉❡ s✉r I✳

❙✐ I ❡st ❜♦r♥é ❡t s✐ Im(f) ❡st ❜♦r♥é✱ ❛❧♦rs f ❡st ❝♦♥t✐♥✉❡ s✉r I✳

❙✐ I ❡st ❢❡r♠é ❡t ❜♦r♥é ❡t s✐ Im(f) ❡st ❢❡r♠é✱ ❛❧♦rs f ❡st ❝♦♥t✐♥✉❡ s✉r I✳

❙✐ I ❡st ❜♦r♥é ❡t s✐ Im(f) ❡st ❢❡r♠é ❡t s✐ f ❡st ❝♦♥t✐♥✉❡ s✉r I✱ ❛❧♦rs I ❡st ❢❡r♠é✳

◗✉❡st✐♦♥ ✶✽ ✿ ❙♦✐t f : R → R ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ♣❛r f(x) = e1+x−cos(x)✳ ▲❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té

❞✬♦r❞r❡ ✸ ❞❡ f ❛✉t♦✉r ❞❡ x0 = 0 ❡st ❞♦♥♥é ♣❛r

f(x) = 1 + x− 1
3x

3 + x3ε(x)

f(x) = 1 + x+ x2 + 2
3x

3 + x3ε(x)

f(x) = 1− x+ x2 − 2
3x

3 + x3ε(x)

f(x) = 1− x+ 1
3x

3 + x3ε(x)

② ②



② ✰✹✽✵✴✻✴✼✰ ②

❉❡✉①✐è♠❡ ♣❛rt✐❡✱ q✉❡st✐♦♥s ❞✉ t②♣❡ ❱r❛✐ ♦✉ ❋❛✉①

P♦✉r ❝❤❛q✉❡ q✉❡st✐♦♥✱ ♠❛rq✉❡r ✭s❛♥s ❢❛✐r❡ ❞❡ r❛t✉r❡s✮ ❧❛ ❝❛s❡ ❱❘❆■ s✐ ❧✬❛✣r♠❛t✐♦♥ ❡st t♦✉❥♦✉rs

✈r❛✐❡ ♦✉ ❧❛ ❝❛s❡ ❋❆❯❳ s✐ ❡❧❧❡ ♥✬❡st ♣❛s t♦✉❥♦✉rs ✈r❛✐❡ ✭❝✬❡st✲à✲❞✐r❡ s✐ ❡❧❧❡ ❡st ♣❛r❢♦✐s ❢❛✉ss❡✮✳

◗✉❡st✐♦♥ ✶✾ ✿ ❙♦✐❡♥t A ❡t B ❞❡✉① s♦✉s✲❡♥s❡♠❜❧❡s ❜♦r♥és ♥♦♥✲✈✐❞❡s ❞❡ R✳ ❙✐ inf A > supB✱ ❛❧♦rs

A ∩B ❡st ✈✐❞❡✳

❱❘❆■ ❋❆❯❳

◗✉❡st✐♦♥ ✷✵ ✿ ❙♦✐t f : R → R ✉♥❡ ❢♦♥❝t✐♦♥ t❡❧❧❡ q✉❡ ❧❛ ❧✐♠✐t❡ ❞❡ ❧❛ s✉✐t❡
(

f( 1
n
)
)

n≥1
✈❛✉t f(0)✳

❆❧♦rs f ❡st ❝♦♥t✐♥✉❡ ❡♥ x0 = 0✳

❱❘❆■ ❋❆❯❳

◗✉❡st✐♦♥ ✷✶ ✿ ❙✐ ❧❛ sér✐❡ ❡♥t✐èr❡

∞
∑

k=0

ak (x − 5)k ❝♦♥✈❡r❣❡ ♣♦✉r x = 2✱ ❛❧♦rs ❡❧❧❡ ❝♦♥✈❡r❣❡ ♣♦✉r

x = 6✳

❱❘❆■ ❋❆❯❳

◗✉❡st✐♦♥ ✷✷ ✿ ❙♦✐t f : R → R ✉♥❡ ❢♦♥❝t✐♦♥ str✐❝t❡♠❡♥t ♠♦♥♦t♦♥❡✳ ❆❧♦rs f ❡st s✉r❥❡❝t✐✈❡✳

❱❘❆■ ❋❆❯❳

◗✉❡st✐♦♥ ✷✸ ✿ ❙♦✐❡♥t z1, z2 ∈ C t❡❧s q✉❡ Re (z1 · z2) = 0✳ ❆❧♦rs Re (z1) · Re (z2) = 0✳

❱❘❆■ ❋❆❯❳

◗✉❡st✐♦♥ ✷✹ ✿ ❙♦✐t (an)n≥1 ✉♥❡ s✉✐t❡ ❞❡ ♥♦♠❜r❡s str✐❝t❡♠❡♥t ♥é❣❛t✐❢s✳ ❆❧♦rs✱ ❧❛ sér✐❡

∞
∑

n=1

an

❝♦♥✈❡r❣❡ ❛❜s♦❧✉♠❡♥t s✐ ❡t s❡✉❧❡♠❡♥t s✐ ❡❧❧❡ ❝♦♥✈❡r❣❡✳

❱❘❆■ ❋❆❯❳

◗✉❡st✐♦♥ ✷✺ ✿ ❙♦✐t f : R → R ✉♥❡ ❢♦♥❝t✐♦♥ t❡❧❧❡ q✉❡ lim
x→+∞

f(x) = +∞ ❡t s♦✐t (an)n≥0 ❧❛ s✉✐t❡

❞é✜♥✐❡ ♣❛r a0 = 1 ❡t✱ ♣♦✉r n ≥ 1✱ an = f(an−1)✳ ❆❧♦rs lim
n→∞

an = +∞✳

❱❘❆■ ❋❆❯❳

② ②



② ✰✹✽✵✴✼✴✻✰ ②

◗✉❡st✐♦♥ ✷✻ ✿ ❙♦✐t f : R → R ✉♥❡ ❢♦♥❝t✐♦♥ ❛✈❡❝ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞✬♦r❞r❡ 2 ❛✉t♦✉r ❞❡

x0 = 0 ❞♦♥♥é ♣❛r f(x) = a + bx + cx2 + x2ε(x)✱ ♦ù a, b, c ∈ R✳ ❙✐ f ❡st ❞ér✐✈❛❜❧❡ ❡♥ x0 = 0✱ ❛❧♦rs

f ′(0) = b✳

❱❘❆■ ❋❆❯❳

◗✉❡st✐♦♥ ✷✼ ✿ ❙♦✐t f : ]0, 1[ → R ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡✳ ❙✐ lim
x→0+

f(x) = 0 ❡t lim
x→1−

f(x) = 0✱

❛❧♦rs f ❡st ❜♦r♥é❡✳

❱❘❆■ ❋❆❯❳

◗✉❡st✐♦♥ ✷✽ ✿ ▲❛ ❢♦♥❝t✐♦♥ f : R → R ❞é✜♥✐❡ ♣❛r f(t) =

∫

t

0
|x| dx ❡st ❞ér✐✈❛❜❧❡ ❡♥ t = 0✳

❱❘❆■ ❋❆❯❳

② ②



② ✰✹✽✵✴✽✴✺✰ ②

❚r♦✐s✐è♠❡ ♣❛rt✐❡✱ q✉❡st✐♦♥s ❞❡ t②♣❡ ♦✉✈❡rt

❘é♣♦♥❞r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞é❞✐é✳ ❱♦tr❡ ré♣♦♥s❡ ❞♦✐t êtr❡ s♦✐❣♥❡✉s❡♠❡♥t ❥✉st✐✜é❡✱ t♦✉t❡s ❧❡s ét❛♣❡s ❞❡

✈♦tr❡ r❛✐s♦♥♥❡♠❡♥t ❞♦✐✈❡♥t ✜❣✉r❡r ❞❛♥s ✈♦tr❡ ré♣♦♥s❡✳ ▲❛✐ss❡r ❧✐❜r❡s ❧❡s ❝❛s❡s à ❝♦❝❤❡r ✿ ❡❧❧❡s s♦♥t

rés❡r✈é❡s ❛✉ ❝♦rr❡❝t❡✉r✳

◗✉❡st✐♦♥ ✷✾✿ ❈❡tt❡ q✉❡st✐♦♥ ❡st ♥♦té❡ s✉r ✽ ♣♦✐♥ts✳

✵ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ❘és❡r✈é ❛✉ ❝♦rr❡❝t❡✉r

✭❛✮ ▼♦♥tr❡r q✉❡ ❧❛ sér✐❡

∞
∑

k=1

2k(k − 1)

(k + 1)!
❝♦♥✈❡r❣❡✳

✭❜✮ ▼♦♥tr❡r ♣❛r ré❝✉rr❡♥❝❡ q✉❡ ♣♦✉r t♦✉t n ≥ 1✱

n
∑

k=1

2k(k − 1)

(k + 1)!
= 2− 2n+1

(n+ 1)!
.

✭❝✮ ❊♥ ❞é❞✉✐r❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ s♦♠♠❡ ❞❡

∞
∑

k=1

2k(k − 1)

(k + 1)!
✳

② ②



② ✰✹✽✵✴✾✴✹✰ ②

② ②



② ✰✹✽✵✴✶✵✴✸✰ ②

② ②



② ✰✹✽✵✴✶✶✴✷✰ ②

◗✉❡st✐♦♥ ✸✵✿ ❈❡tt❡ q✉❡st✐♦♥ ❡st ♥♦té❡ s✉r ✺ ♣♦✐♥ts✳

✵ ✶ ✷ ✸ ✹ ✺ ❘és❡r✈é ❛✉ ❝♦rr❡❝t❡✉r

❙♦✐t f : R∗ → R ❞é✜♥✐❡ ♣❛r f(x) = 1
x
✳ ▼♦♥tr❡r✱ ✉♥✐q✉❡♠❡♥t à ❧✬❛✐❞❡ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧✐♠✐t❡✱ q✉❡

lim
x→5

f(x) =
1

5
.

② ②



② ✰✹✽✵✴✶✷✴✶✰ ②

◗✉❡st✐♦♥ ✸✶✿ ❈❡tt❡ q✉❡st✐♦♥ ❡st ♥♦té❡ s✉r ✸ ♣♦✐♥ts✳

✵ ✶ ✷ ✸ ❘és❡r✈é ❛✉ ❝♦rr❡❝t❡✉r

❈❛❧❝✉❧❡r ❧❛ ❧✐♠✐t❡ s✉✐✈❛♥t❡✱ ❡♥ ❥✉st✐✜❛♥t ✈♦tr❡ ré♣♦♥s❡✿

lim
x→1

sin(log(x))

tan(x− 1)

② ②


